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DYNAMICS OF WEIGHTED COMPOSITION OPERATORS ON
FUNCTION SPACES DEFINED BY LOCAL PROPERTIES
THOMAS KALMES
Abstract. We study topological transitivity/hypercyclicity and topological
(weak) mixing for weighted composition operators on locally convex spaces
of scalar-valued functions which are defined by local properties. As main
application of our general approach we characterize these dynamical properties
for weighted composition operators on spaces of ultradifferentiable functions,
both of Beurling and Roumieu type, and on spaces of zero solutions of elliptic
partial differential equations. Special attention is given to eigenspaces of the
Laplace operator and the Cauchy-Riemann operator, respectively. Moreover,
we show that our abstract approach unifies existing results which characterize
hypercyclicity, resp. topological mixing, of (weighted) composition operators
on the space of holomorphic functions on a simply connected domain in the
complex plane, on the space of smooth functions on an open subset of Rd, as
well as results characterizing topological transitiviy of such operators on the
space of real analytic functions on an open subset of Rd.
1. Introduction
Dynamical properties like topological transitivity/hypercyclicity and topological
(weak) mixing for weighted composition operators on various function spaces have
been investigated by many authors in different settings. Recall, that an operator,
i.e. a continuous linear self-map T on a topological vector space E, is called topo-
logically transitive, resp. topologically mixing, if for every pair of non-empty, open
subsets U, V of E the sets Tm(U) and V intersect for some m ∈ N, resp. for all
sufficiently large m ∈ N, whereas T is called topologically weakly mixing if T ⊕ T
is topologically transitive on E ⊕ E. Moreover, T is hypercyclic if there is x ∈ E
such that its orbit under T , i.e. the set {Tmx; m ∈ N0}, is dense in E. Clearly,
every hypercyclic operator is topologically transitive, and the converse holds for op-
erators on separable, complete, metrizable topological vector spaces by Birkhoff’s
Transitivity Criterion [GEPe, Theorem 2.19].
The most prominent setting for hypercyclic weighted composition operators is
the space of holomorphic functions H (X) endowed with the compact-open topology
on an open subset X of the complex plane. Starting from Birkhoff’s result [Bi] from
which it follows that the translation operators Ta(f)(·) := f(· + a), a ∈ C\{0}, on
the space of entire functions H (C) are hypercyclic, many authors have generalized
Birkhoff’s result into various directions by considering more general (weighted)
composition operators Cw,ψ(f) := w · (f ◦ ψ) for f ∈ H (X), where w ∈ H (X)
and ψ : X → X is holomorphic (see e.g. [BeMo], [GEMo], [YoRe], [Bes], and the
references therein). For holomorphic functions in several variables some partial
results on hypercyclicity for special unweighted composition operators have been
obtained in [AbZa], [Ber], and [LS], and only recently for arbitrary composition
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operators (even for holomorphic functions in several variables on a connected Stein
manifold) in [Za].
Considering harmonic functions instead of holomorphic functions, in [Dz], [Ar]
hypercyclicity of generalized translation operators has been investigated in this
context while sufficient conditions for hypercyclicity of such special composition
operators on kernels of elliptic partial differential operators have been presented
in [CaMu], among other things. A sufficient condition for hypercyclicity of gen-
eral composition operators on arbitrary kernels of partial differential operators was
obtained in [KaNi].
While for unweighted composition operators on the space of real analytic func-
tions A (X) on open subsets X of Rd topological transitivity has been investigated
in [BoDo], hypercyclicity and topological mixing of weighted composition operators
on the space of smooth functions C∞(X), where again X ⊆ Rd is open, have only
very recently been characterized in [Pr].
For Banach spaces of functions dynamical properties of (weighted) composi-
tion operators have also been investigated. There are many results in the context
of Banach spaces of holomorphic functions, see e.g. [BoSh], [GaMo], [MiWo] and
references therein. Characterizations of hypercyclicity of weighted composition op-
erators on Banach spaces of continuous functions and on Lp(µ)-spaces have been
obtained in [Ka], among other things.
The aim of the present paper is to present a general approach to topological
transitivity and topological (weak) mixing of weighted composition operators on
locally convex spaces of scalar valued functions which are defined by local properties.
In section 2 we introduce the setting of general locally convex sheaves of functions
which gives the appropriate general framework for our objective. This general
approach enables us to give an almost characterization of these properties in section
3 (Theorem 3.9 and Theorem 3.11). For many concrete function spaces these almost
characterizations can be made into characterizations with only a minimal additional
effort. This is shown in section 4 where we not only recover and unify most of the
above mentioned results by our general approach but where our abstract setting
also permits to improve these results into one direction or the other.
Moreover, as one of the main application of our approach we show in section 5
that topological transitivity and topological weak mixing for weighted composition
operators Cw,ψ on spaces of ultradifferentiable functions of Beurling type as well
as of Roumieu type, respectively, are equivalent and we characterize these proper-
ties together with topological mixing in terms of the weight w and the symbol ψ
(Theorems 5.2 and 5.3).
As a second main application of our abstract results we show in section 6 that for
weighted composition operators on kernels of elliptic partial differential operators
in C∞(X) for open subsets X of Rd which are homeomorphic to Rd, hypercyclic-
ity and topological weak mixing are equivalent whenever |w| ≤ 1, and we again
characterize these properties as well as topological mixing in terms of the weight
function and the symbol of the operator (Theorem 6.2). We pay special attention
to eigenspaces of the Laplace operator (Corollary 6.7) and of the Cauchy-Riemann
operator (Corollary 6.8). In the latter case we show that weak mixing, hypercyclic-
ity, and mixing for weighted composition operators coincide whenever |w| ≤ 1.
Additionally, we characterize in terms of the weight and symbol which weighted
composition operators are well-defined on the eigenspaces of the Laplace operator
and of the Cauchy-Riemann operator (Proposition 6.6).
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Throughout, we use standard notation and terminology from functional analysis.
For anything related to functional analysis which is not explained in the text we
refer the reader to [MeVo]. Moreover, we use common notation from the theory of
linear partial differential operators. For this we refer the reader to [Hö1]. Finally,
for notions and results from dynamics of linear operators which are not explained
in the text we refer the reader to [BaMa2] and [GEPe].
2. Function spaces defined by local properties
In order to deal with weighted composition operators on several function spaces
at once we choose the framework of sheaves. Here and in the sequel let K ∈ {R,C}.
Definition 2.1. Let Ω be a locally compact, σ-compact, non-compact Hausdorff
space and F a sheaf of functions on Ω, i.e.
• For each open subset X ⊆ Ω F (X) is a vector space of K-valued functions
and if Y ⊆ Ω is another open set with Y ⊆ X the restriction mapping
rYX : F (X)→ F (Y ), f 7→ f|Y
is well-defined.
• (Localization) For every open cover (Xι)ι∈I of an open set X ⊆ Ω and for
each f, g ∈ F (X) with f|Xι = g|Xι(ι ∈ I) it holds f = g.
• (Gluing) For each open cover (Xι)ι∈I of an open set X ⊆ Ω and for all
(fι)ι ∈
∏
ι∈I F (Xι) with fι|Xι∩Xκ = fκ|Xι∩Xκ (ι, κ ∈ I) there is f ∈ F (X)
with f|Xι = fι (ι ∈ I).
From these defining properties of a sheaf of functions it follows immediately that for
every open subset X ⊆ Ω and each open, relatively compact exhaustion (Xn)n∈N0
of X the spaces F (X) and the projective limit proj←n(F (Xn), r
Xn
Xn+1
), i.e. the
subspace
{(fn)n∈N0 ∈
∏
n∈N0
F (Xn); ∀n ∈ N0 : fn = rXnXn+1(fn+1)}
of
∏
n∈N0
F (Xn) are algebraically isomorphic via the mapping
F (X)→ proj←n(F (Xn), rXnXn+1), f 7→ (rXnX (f))n∈N0 = (f|Xn)n∈N0 ,
where injectivity follows from the localization property and surjectivity from the
gluing property of a sheaf.
In order to be able to apply results from functional analysis, we define the fol-
lowing properties for a sheaf of functions F on Ω:
(F1) For every open subset X ⊆ Ω the function space F (X) is a webbed
and ultrabornological Hausdorff locally convex space (which is satisfied,
for example, if F (X) is a Fréchet space). Additionally, we assume that
F (X) ⊆ C(X) for every open X ⊆ Ω and that for each x ∈ X the point
evaluation δx in x is a continuous linear functional on F (X).
It thus follows that for open X,Y ⊆ Ω with Y ⊆ X the restriction
map rYX has closed graph, hence is continuous by De Wilde’s Closed Graph
Theorem (see e.g. [MeVo, Theorem 24.31]).
Moreover, for every open, relatively compact exhaustion (Xn)n∈N0 of X
we assume that the above mentioned algebraic isomorphism between F (X)
and proj←n(F (Xn), r
Xn
Xn+1
) is even a topological isomorphism.
(F2) For every compact K ⊆ Ω there is fK ∈ F (Ω) such that fK(x) 6= 0 for
each x ∈ K.
(F3) For every pair of distinct points x, y in Ω there is f ∈ F (Ω) with f(x) = 0
and f(y) = 1.
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Remark 2.2.
i) For a sheaf F on Ω with the property that F (X) is a locally convex space
and rYX is continuous for each open Y ⊆ X ⊆ Ω (by definition, this means
that F is a locally convex sheaf on Ω) it follows immediately that for any
open, relatively compact exhaustion (Xn)n∈N of X the canonical isomor-
phism between F (X) and proj←n(F (Xn), r
Xn
Xn+1
) is continuous. Therefore,
if F is a locally convex sheaf of continuous functions such that F (X) is
a Fréchet space for each open X ⊆ Ω on which δx is a continuous linear
functional for every x ∈ X , it follows from the Open Mapping Theorem
and the fact that Fréchet spaces are ultrabornological (see e.g. [MeVo, Re-
mark 24.15 c)]) and webbed (see e.g. [MeVo, Corollary 24.29]) that (F1) is
satisfied.
ii) For a sheaf F on Ω satisfying (F1) it follows from δx ∈ F (X)′ for each
x ∈ X that the inclusion mapping
F (X) →֒ C(X), f 7→ f
has closed graph - where we equip C(X) as usual with the compact-open
topology. Since F (X) is supposed to be ultrabornological it follows from
De Wilde’s Closed Graph Theorem that this inclusion is continuous, i.e.
the topology carried by F (X) is finer than the compact-open topology.
iii) If F contains constant functions property (F3) means precisely that F (Ω)
separates points.
Example 2.3.
i) For a σ-compact, locally compact, non-compact Hausdorff space Ω the sheaf
C of continuous functions satisfies (F1)−(F3), i.e. for an open subsetX ⊆
Ω let C(X) be the space of K-valued continuous functions on X equipped
with the compact-open topology, that is, the locally convex topology defined
by the family of seminorms {‖ ·‖K ; K ⊂ X compact}, where for a compact
subset K ⊂ X
∀ f ∈ C(X) : ‖f‖K := sup
x∈K
|f(x)|.
Recall that locally compact spaces are completely regular (see e.g. [En,
Theorem 3.3.1]) so that (F3) is indeed satisfied.
ii) For Ω = Rd and r ∈ N0 ∪ {∞} we denote by Cr the sheaf of r-times con-
tinuously differentiable functions, i.e. for every open X ⊆ Rd let Cr(X)
be the space of K-valued functions which are r-times continuously differen-
tiable. We equip Cr(X) with the topology of local uniform convergence of
all partial derivatives up to order r, i.e. the locally convex topology defined
by the family of seminorms {‖ · ‖l,K ; l ∈ N0, l < r + 1,K ⊂ X compact},
where for l < r + 1 and K ⊂ X compact
∀ f ∈ Cr(X) : ‖f‖l,K := sup
|α|≤l
sup
x∈K
|∂αf(x)|.
This makes Cr(X) a separable Fréchet space and the sheaf Cr on Rd is
easily seen to satisfy (F1) − (F3).
iii) For Ω = C let H be the sheaf of holomorphic functions, i.e. for X ⊆ C
let H (X) denote the space of holomorphic functions on X endowed with
the compact-open topology. Then H (X) is a separable Fréchet space and
it follows easily that (F1) − (F3) are satisfied. More generally than this
example is v).
iv) Let again Ω = Rd and denote by A the sheaf of real analytic functions,
that is, for open X ⊆ Rd A (X) is the space of real analytic functions of X .
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One apparent way of equipping A (X) with a locally convex topology is by
considering the finest locally convex topology such that all the restriction
maps
H (U)→ A (X), f 7→ f|X
are continuous, where U ⊆ Cd is an arbitrary open set for whichX ⊆ U∩Rd
and where H (U) is equipped with the compact-open topology. It is not
hard to see that this (inductive) topology is Hausdorff. Another way of
endowing A (X) with a natural locally convex topology is by taking the
initial topology with respect to all restriction maps
rK : A (X)→ H (K), f 7→ f|K ,
where K ⊆ X is an arbitrary compact set and H (K) denotes the space
of germs of holomorphic functions on K equipped with the locally convex
inductive limit topology H (K) = indm∈NH
∞(Um), where (Um)m∈N is a
(decreasing) basis of Cd-neighborhoods of K and H ∞(Um) denotes the
Banach space of bounded holomorphic functions on Um equipped with the
supremum norm. Choosing a compact exhaustion (Kn)n∈N of X it follows
that topologized in this way A (X) equals the (topological) projective limit
of the projective sequence (H (Kn))n∈N with restrictions as linking maps.
Again, it is not hard to see that the first (inductive) topology on A (X)
is coarser than the second (projective) topology. That these two topologies
actually coincide is a fundamental result due to Martineau (see [Mar]).
Since H (U) is a Fréchet space, thus ultrabornological, it follows that A (X)
is ultrabornological as the inductive limit of ultrabornological spaces. As
an LB-space, H (K) is webbed for every compact K ⊆ X and therefore
A (X) is webbed as the countable projective limit of webbed spaces.
Now letX ⊆ Rd be open and let (Xn)n∈N0 be an open, relatively compact
exhaustion of X
i : A (X)→ proj←n(A (Xn), rXnXn+1), f 7→ (rXnX (f))n∈N0 .
We show that the continuous bijection i is open. By the projective descrip-
tion of the topology on A (X) for any zero neighborhood V in A (X) there
is a compact subset K of X and an absolutely convex zero neighborhoodW
in H (K) such that r−1K (W ) ⊆ V . Thus, for every complex neighborhood
U of K there is δ > 0 with
r−1K
({g ∈ H (K); g ∈ H ∞(U), ‖g‖∞,U < δ}) ⊆ V,
where ‖ · ‖∞,U denotes the supremum norm over U . If m ∈ N0 is chosen
such that K ⊆ Xm it follows with
ρK : A (Xm)→ H (K), f 7→ f|K
that
Vm := ρ
−1
K
({g ∈ H (K); g ∈ H ∞(U), ‖g‖∞,U < δ})
is a zero neighborhood in A (Xm). Clearly,
Vm ∩ rXmX (A (X)) = rXmX
(
r−1K
({g ∈ H (K); g ∈ H ∞(U), ‖g‖∞,U < δ}))
⊆ rXmX (V ).
If we set for k ∈ N0
πk : proj←n(A (Xn), r
Xn
Xn+1
)→ A (Xk), (fn)n∈N0 7→ fk
it follows
i(V ) = π−1m
(
rXmX (V )
) ⊇ π−1m (Vm ∩ rXmX (A (X))) = π−1m (Vm)
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so that i(V ) is a zero neighborhood in proj←n(A (Xn), r
Xn
Xn+1
) which proves
that i is open. Thus, the sheaf A on Rd satisfies (F1). Moreover, (F2)
as well as (F3) are obviously satisfied, too.
v) For Ω = Rd and a complex coefficient polynomial in d variables P , i.e.
P ∈ C[X1, . . . , Xd] we define for an open X ⊆ Rd
C∞P (X) := {f ∈ C∞(X); P (∂)f = 0 in X},
where as usual for P (ξ) =
∑
|α|≤m aαξ
α we set
∀ f ∈ C∞(X), x ∈ X : P (∂)f(x) =
∑
|α|≤m
aα∂
αf(x).
Obviously, C∞P (X) is a subspace of C
∞(X) and since P (∂) is a continu-
ous linear operator on the separable Fréchet space C∞(X) it follows that
C∞P (X) is a closed subspace of C
∞(X) thus a separable Fréchet space itself
when equipped with the relative topology of C∞(X). It is easily seen that
C∞P is a sheaf on R
d which satisfies (F1). In order to see that (F2) holds
as well, let ζ ∈ Cd satisfy P (ζ) = 0 - we exclude the rather boring case of
a constant polynomial P . Then
eζ : R
d → C, eζ(x) = exp(
d∑
j=1
ζjxj)
belongs to C∞P (R
d) which shows that (F2) is indeed satisfied.
However, (F3) need not be satisfied for general (non-constant) P as
is seen by taking d = 2 and P (ξ1, ξ2) = ξ1. Then C
∞
P (X) consists obvi-
ously of functions which are independ on x1 and there is no f ∈ C∞P (R2)
with f(0, 0) = 1 and f(1, 0) = 0. However, by Proposition 6.1 (F3) is in
particular satisfied by C∞P whenever P is (hypo)elliptic.
Considering the special cases of P (∂) being the Cauchy-Riemann op-
erator, resp. the Laplace operator, gives as C∞P the sheaf of holomorphic
functions H on open subsets of C, resp. the sheaf of harmonic functions
on open subsets of Rd.
In most of the above examples the considered sheaves are sheaves of C1-functions
over open subsets of euclidean space. For these kind of sheaves we introduce yet
another property.
Definition 2.4. Let Ω = Rd and let F be a sheaf satisfying (F1). Then we define:
(F4) For every open X ⊆ Rd we have F (X) ⊆ C1(X) and for every x ∈ X ,
1 ≤ j ≤ d the distribution of order one
−∂jδx : F (X)→ K, f 7→ ∂jf(x)
is continuous. Moreover, for each h ∈ Rd\{0}, λ ∈ K, and x ∈ X the kernel
of the continuous linear functional
F (X)→ K, f 7→
d∑
j=1
hj∂jf(x)− λf(x)
is not all of F (X).
Property (F4) implies that for every direction h ∈ Rd\{0} and any x ∈ X
the directional derivative in direction h evaluated at x does not coincide with a
multiple of δx. Clearly, (F4) is satisfied by Examples 2.3 ii) for r ≥ 1, iii), and
iv). For hypoelliptic polynomials P the sheaf C∞P satisfies (F4) by Proposition 6.1.
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General assumption. Let F be a sheaf on Ω satisfying (F1), X ⊆ Ω open,
and let w : X → K as well as ψ : X → X be continuous. w will be called a weight
and ψ a symbol. We assume that the weighted composition operator
Cw,ψ : F (X)→ F (X), f 7→ w · (f ◦ ψ)
is well-defined. For every x ∈ X we have by hypothesis that δx ∈ F (X)′ and it
follows easily from the Hahn-Banach Theorem, that the linear span of {δx; x ∈ X}
is weak*-dense in F (X)′. Since F (X) is Hausdorff, it follows herefrom that Cw,ψ
has closed graph. By (F1) we conclude from De Wilde’s Closed Graph Theorem
[MeVo, Theorem 24.31] that Cw,ψ is continuous.
3. Dynamical properties of weighted composition operators
In this section we give necessary and sufficient conditions for a weighted composi-
tion operator defined on a local space of functions to be topologically transitive and
topologically (weakly) mixing, respectively. We will see that in many concrete cases
these necessary and sufficient conditions coincide thus they yield a characterization
of said properties.
Definition 3.1. Let E be a locally convex space and T a continuous linear operator
on E.
i) T is called (topologically) transitive if for any pair of non-empty, open sub-
sets U, V of E there is m ∈ N such that Tm(U) ∩ V 6= ∅.
ii) T is called (topologically) weakly mixing if T ⊕T is transitive on E⊕E, i.e.
if for every choice of non-empty, open subsets Uj , Vj of E, j = 1, 2, there is
m ∈ N such that Tm(Uj) ∩ Vj 6= ∅.
iii) T is called (topologically) mixing if for every pair U, V of non-empty, open
subsets of E there is M ∈ N such that Tm(U) ∩ V 6= ∅ for every m ≥M .
iv) T is called hypercyclic if there is x ∈ E whose orbit under T , i.e. orb(T, x) :=
{Tmx; m ∈ N0} is dense in E.
Remark 3.2. i) Clearly, E has to be separable in order to support a hyper-
cyclic operator. By Birkhoff’s Transitivity Criterion [GEPe, Theorem 2.19]
a continuous linear operator on a separable Fréchet space is transitive if
and only if it is hypercyclic.
ii) Obviously, every mixing operator is weakly mixing and every weakly mixing
operator is transitive. In general, the reverse implications are not true.
While it is not too complicated to give an example of a weakly mixing
operator which is not mixing (see e.g. [GEPe, Remark 4.10]) it is highly
intricate to construct a hypercyclic operator (on a Banach space) which
fails to be weakly mixing. Such an operator was constructed by De la Rosa
and Read [DR] (see also [BaMa]) who thereby solved a problem posed by
Herrero [He] which remained open for more than fifteen years.
iii) It follows immediately from the definition that every transitive operator
has dense image.
We first give necessary conditions for a weighted composition operator defined
on a local space of functions to be transitive. This result is inspired by [Pr, Lemma
3.1]. Before we state the condition we recall a definition for symbols.
Definition 3.3. Let X ⊆ Ω be open and ψ : X → X be continuous.
i) ψ is called run-away if for each compact subset K of X there is m ∈ N
such that ψm(K) ∩K = ∅, where ψm denotes the m-fold iterate of ψ, i.e.
ψm = ψ ◦ . . . ◦ ψ with m composition factors.
ii) ψ is called strong run-away if for each compact subset K of X there is
M ∈ N such that ψm(K) ∩K = ∅ whenever m ≥M .
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Clearly, strong run-away implies run-away. The converse is true for continuous
and injective ψ : R → R, as has been shown in [Pr, Lemma 4.1]. Moreover, for
a holomorphic ψ : X → X on a simply connected domain X ( C run-away and
strong run-away are the same, due to the Riemann Mapping Theorem combined
with the Denjoy-Wolff Iteration Theorem (see e.g. [Sh, Chapter 5]) and in fact
these properties are equivalent to ψ having no fixed point. To the author’s best
knowledge, there is no example of a continuous ψ : X → X on an open subset X of
a locally compact, σ-compact, non-compact Hausdorff space Ω which is run-away
but not strong run-away.
Proposition 3.4. Let F be a sheaf on Ω satisfying (F1) − (F3). Let X ⊆ Ω
be non-empty and open and assume that the weighted composition operator Cw,ψ is
transitive on F (X). Then the following hold.
i) ∀x ∈ X : w(x) 6= 0.
ii) ψ is injective.
iii) ψ has no fixed points.
iv) ∀x ∈ X : {ψm(x); m ∈ N0} is not a compact subset of X, where the closure
is taken in X.
v) ψ is run-away under any of the following additional assumptions:
v-1) ∀x ∈ X : |w(x)| ≤ 1.
v-2) Cw,ψ is weakly mixing.
v-3) F (Ω) is dense in C(Ω) with respect to the compact-open topology.
Additionally, if F satisfies (F4) then we also have
vi) ∀x ∈ X : detJψ(x) 6= 0, where Jψ(x) denotes the Jacobian of ψ in x.
Proof. In order to prove i), assume that w(x0) = 0 for some x0 ∈ X . Then the
image of Cw,ψ is contained in the kernel of δx0 which is a closed subspace of F (X)
due to (F1). By (F3) this closed subspace is proper, in particular nowhere dense.
Hence, the image of Cw,ψ is not dense in F (X) contradicting that Cw,ψ is transitive,
so that i) follows.
Next, we assume that ψ(x) = ψ(y) for x, y ∈ X,x 6= y. Because w(y) 6= 0 by i)
it follows
im Cw,ψ ⊆ kern (δx − w(x)
w(y)
δy).
Since w(x) 6= 0 by i) it follows from (F1) and (F3) that kern (δx − w(x)w(y)δy) is a
closed, proper subspace of F (X). Since the image of Cw,ψ is dense in F (X) we
obtain a contradiction as in the proof of i), so that ii) follows.
To prove iii) we denote for α ∈ K and r > 0 the open ball about α with radius
r as B(α, r) and the corresponding closed ball by B[α, r]. Assume there is x0 ∈ X
with ψ(x0) = x0. In case of |w(x0)| ≤ 1 we have
∀ f ∈ δ−1x0 (B(0, 1)), n ∈ N0 : |Cnw,ψ(f)(x0)| ≤ 1
and thus
(1) ∀n ∈ N0 : Cnw,ψ(δ−1x0 (B(0, 1))) ∩ δ−1x0 (B(2, 1)) = ∅.
But since kern δx0 6= F (X) by (F3) we have im δx0 = K so δ−1x0 (B(2, 1)) is a non-
empty, open (by (F1)) subset of F (X), as is δ−1x0 (B(0, 1)). Hence, (1) contradicts
the transitivity of Cw,ψ. In case of |w(x0)| > 1 we have
∀ f ∈ δ−1x0 (K\B[0, 1]), n ∈ N : |Cnw,ψ(f)(x0)| > 1
implying
∀n ∈ N0 : Cnw,ψ(δ−1x0 (K\B[0, 1])) ∩ δ−1x0 (B(0, 1)) = ∅
which again contradicts the transitivity of Cw,ψ. Thus, iii) is proved.
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In order to prove iv), assume that for some x0 ∈ X the set
K := {ψm(x0); m ∈ N0}
is compact. By i), there are a, b > 0 such that
∀x ∈ K : a ≤ |w(x)| ≤ b.
Fix fK according to (F2) and set
α := inf
x∈K
|fK(x)| and β := sup
x∈K
|fK(x)|.
Then α > 0 and β <∞ and the set
U := {f ∈ F (X); ∀x ∈ K : α
2
< |f(x)| < 2β}
obviously contains fK and is open with respect to the compact-open topology.
Thus, U is an open neighborhood of fK in F (X). A straightforward calculation
gives
(2) ∀ f ∈ U,m ∈ N0 : |
Cmw,ψ(f)(ψ(x0))
Cmw,ψ(f)(x0)
| ≤ 4bβ
aα
.
By (F1) it follows that
V := {f ∈ F (X); |δψ(x0)(f)| >
4bβ
aα
|δx0(f)|}
is an open subset of F (X) and since ψ(x0) 6= x0 by iii) it follows from (F3) that
V 6= ∅. From (2) we obtain
∀m ∈ N0 : Cmw,ψ(U) ∩ V = ∅
which contradicts the transitivity of Cw,ψ. Thus, iv) is proved.
We continue with the proof of v) and argue again by contradiction. Assume
there is a compact subset K of X with
∀m ∈ N ∃xm ∈ K : ψm(xm) ∈ K.
Due to (F2) there is fK ∈ F (X) with fK(x) 6= 0 for every x ∈ K. We set
α := inf
y∈K
|fK(y)| > 0, β := sup
y∈K
|fK(y)| <∞.
We first assume that additionally |w(x)| ≤ 1 holds for every x ∈ X . We define
U1 := {g ∈ F (X); ∀x ∈ K : |g(x)| < α
2
}
and
V1 := {g ∈ F (X); ∀x ∈ K : |fK(x)− g(x)| < α
2
}
which are open with respect to the compact-open topology and therefore, by (F1),
open subsets of F (X). Obviously, fK ∈ V1 and 0 ∈ U1. For every m ∈ N and each
g ∈ U1 it follows from |w| ≤ 1 and xm, ψm(xm) ∈ K
max
x∈K
|fK(x)− Cmw,ψ(g)(x)| ≥ |fK(xm)−
m−1∏
j=0
w(ψj(xm))g(ψ
m(xm))|
≥ α− |g(ψm(xm))| > α
2
so that Cmw,ψ(U1) ∩ V1 = ∅ which gives the desired contradiction to the transitivity
of Cw,ψ.
Next we assume that Cw,ψ is even weakly mixing. We define
U2 := {g ∈ F (X); ∀x ∈ K : α
2
< |g(x)| < 2β}
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and
V2 := {g ∈ F (X); sup
x∈K
|g(x)| < α
2
8β
}
which are open with respect to the compact-open topology and thus open subsets
of F (X) by (F1). Because 0 ∈ V2 and fK ∈ U2 and since Cw,ψ is weakly mixing
there is m ∈ N such that
Cmw,ψ(U2) ∩ U2 6= ∅ and Cmw,ψ(U2) ∩ V2 6= ∅.
Pick f ∈ U2 with Cmw,ψ(f) ∈ U2. By ψm(xm) ∈ K we have |f(ψm(xm))| < 2β so
that because of xm ∈ K
α
2
< |Cmw,ψ(f)(xm)| = |
m−1∏
j=0
w(ψj(xm))f(ψ
m(xm))|(3)
≤ |
m−1∏
j=0
w(ψj(xm))|2β.
On the other hand, with g ∈ U2 such that Cmw,ψ(g) ∈ V2 it follows from ψm(xm) ∈ K
and thus |g(ψm(xm))| > α/2 with xm ∈ K
α2
8β
> |Cmw,ψg(xm)| = |
m−1∏
j=0
w(ψj(xm))g(ψ
m(xm))| > α
2
|
m−1∏
j=0
w(ψj(xm))|
which contradicts (3).
In order to finish the proof of v), we next assume that F (Ω) is dense in C(Ω).
Because of i) there are a, b > 0 such that
∀x ∈ K : a ≤ |w(x)| ≤ b.
By (F2) there is f˜K ∈ F (X) such that f˜K(x) 6= 0 for every x ∈ K ∪ψ(K) so that
α˜ := inf
x∈K∪ψ(K)
|f˜K(x)| > 0 and β˜ := sup
x∈K∪ψ(K)
|f˜K(x)| <∞.
We define
U3 := {g ∈ F (X); ∀x ∈ K ∪ ψ(K) : α˜
2
< |g(x)| < 2β˜}
which is an open neighborhood of f˜K in F (X) satisfying
∀ g ∈ U3,m ∈ N0 : |
Cmw,ψ(g)(ψ(xm))
Cmw,ψ(g)(xm)
| ≤ 4bβ˜
aα˜
,
that is
(4) ∀ g ∈ U3,m ∈ N0 : |δψ(xm)
(
Cmw,ψ(g)
)| ≤ 4bβ˜
aα˜
|δxm
(
Cmw,ψ(g)
)|.
In particular
∀m ∈ N0 : Cmw,ψ(U3) ∩ (V3 ∩F (X)) = ∅,
where
V3 := {g ∈ C(X); ∀x ∈ K : |δψ(x)(g)| > 4bβ˜
aα˜
|δx(g)|}.
Once we have shown that V3 ∩F (X) is a non-empty open subset of F (X) this will
yield the desired contradiction to the transitivity of Cw,ψ.
A straightforward calculation shows that for g, h ∈ C(X) and x ∈ K we have
|δψ(x)(h)| −
4bβ˜
aα˜
|δx(h)| ≥ |δψ(x)(g)| −
4bβ˜
aα˜
|δx(g)| − 8bβ˜
aα˜
sup
y∈K∪ψ(K)
|g(y)− h(y)|
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which shows that V3 is an open subset of C(X) with respect to the compact-open
topology, thus V3 ∩ F (X) is open in F (X) by (F1). Since F (Ω) is dense in
C(Ω) and {f|X ; f ∈ C(Ω)} is dense in C(X) by an application of Urysohn’s Lemma
[En, Theorem 1.5.11], it is enough to show that V3 is not empty in order to prove
V3 ∩F (X) 6= ∅.
In order to show that V3 6= ∅ we use a clever construction from [Pr, Lemma
3.2]. Let Y ⊆ X be an open, relatively compact neighborhood of K. By Urysohn’s
Lemma there is h ∈ C(X) such that h|K = 0, h|X\Y = 1 and 0 ≤ h ≤ 1. The series
f :=
∞∑
m=0
( aα
4bβ + aα
)m
h ◦ ψm
converges uniformly on X , in particular f ∈ C(X) and because of iv) it follows
that f(x) > 0 for all x ∈ X . Moreover, for each x ∈ K we have
|δψ(x)(f)| = f(ψ(x)) = 4bβ + aα
aα
f(x) >
4bβ
aα
|δx(f)|,
i.e. f ∈ V3. Thus, v) is proved.
Finally, let F satisfy (F4) in addition to (F1)− (F3). Assuming the existence
of x0 ∈ X with detJψ(x0) = 0 there is h ∈ Rd\{0} in the kernel of Jψ(x0). By an
easy calculation we have
∀ f ∈ F (X) : 〈∇Cw,ψ(f)(x0), h〉 = Cw,ψ(f)(x0) 1
w(x0)
〈∇w(x0), h〉,
showing
im Cw,ψ ⊆ kern
(
f 7→ 〈∇f(x0), h〉 − 1
w(x0)
〈∇w(x0), h〉δx0(f)
)
.
By (F4) the previously mentioned kernel is a closed, proper subspace of F (X)
which contradicts that the image of Cw,ψ is dense in Cw,ψ. 
Definition 3.5. Let F be a sheaf on Ω satisfying (F1) and X ⊆ Ω be open such
that the weighted composition operator Cw,ψ is well-defined on F (X). Cw,ψ is said
to act locally on F (X) if for every open subset Y of X
Cw,ψ,Y : F (Y )→ F (ψ−1(Y )), f 7→ w · (f ◦ ψ),
i.e. the weighted composition operator Cw,ψ (formally) applied to functions defined
only on Y , is well-defined.
Remark 3.6. Clearly, under hypothesis (F1), for every open subset Y of Ω and
any f ∈ F (Y ) the function
ψ−1(Y )→ K, y 7→ w(y)f(ψ(y))
is a well-defined continuous function.
If Cw,ψ operates locally on F (X) it follows from (F1) and De Wildes’s Closed
Graph Theorem that Cw,ψ,Y is continuous from F (Y ) to F (ψ
−1(Y )) for any open
subset Y of X . It follows immediately from the definition of the restriction maps
rYX etc. and Cw,ψ,Y that
Cw,ψ,Y ◦ rYX = rψ
−1(Y )
X ◦ Cw,ψ,
or more generally
(5) ∀m ∈ N : Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y ◦ rYX = r(ψ
m)−1(Y )
X ◦ Cmw,ψ
for every open Y ⊆ X .
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Proposition 3.7. Let F be a sheaf on Ω satisfying (F1), X ⊆ Ω be open such that
Cw,ψ acts locally on F (X). Let (Xn)n∈N be a relatively compact, open exhaustion
of X. Assume that the following conditions are satisfied
a) For every open, relatively compact subset Y of X and any m ∈ N0
r
(ψm)−1(Y )
X (F (X)) ⊆ (Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y )(F (Y )),
where the closure is taken in F ((ψm)−1(Y )).
b) There are m,n ∈ N with the properties
b1) ψm(Xn) is an open subset of X.
b2) Xn ∩ ψm(Xn) = ∅.
b3) The restriction map r
Xn∪ψ
m(Xn)
X has dense range.
Then, for every f, g ∈ F (X) and any absolutely convex zero neighborhood Un in
F (Xn) we have
∅ 6= Cmw,ψ
(
f + (rXnX )
−1(Un)
) ∩ (g + (rXnX )−1(Un)).
Proof. Fix f, g ∈ F (X) and an absolutely convex zero neighborhood Un in F (Xn).
By b1), Y := ψm(Xn) is an open, relatively compact subset of X and Z :=
(ψm)−1(Y ) is an open subset of X with Xn ⊆ Z so that (rXnZ )−1(12Un) is a zero
neighborhood in F (Z). By hypothesis a), there is g˜ ∈ F (Y ) such that with
T := Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
(note that T is continuous) we have
T (g˜)− rZX(g) ∈ (rXnZ )−1(
1
2
Un).
Because Xn ∩ψm(Xn) = Xn ∩ Y = ∅ it follows from the gluing property of a sheaf
that there is fn ∈ F (Xn ∪ Y ) with
rXnXn∪Y (fn) = r
Xn
X (f) and r
Y
Xn∪Y (fn) = g˜.
By hypothesis b3) there is h ∈ F (X) such that
rXn∪YX (h)− fn ∈ (rXnXn∪Y )−1(
1
2
Un) ∩
(
rXnZ ◦ T ◦ rYXn∪Y
)−1
(
1
2
Un).
Thus
1
2
Un ∋ rXnXn∪Y
(
rXn∪YX (h)− fn
)
= rXnX (h)− rXnXn∪Y (fn) = rXnX (h)− rXnX (f),
so that
h ∈ f + (rXnX )−1(
1
2
Un).
DYNAMICS OF WEIGHTED COMPOSITION OPERATORS 13
We will show that Cmw,ψ(h) ∈ g + (rXnX )−1(Un). Indeed, using (5) we have
(rXnX ◦ Cmw,ψ)(h)− rXnX (g) = (rXnZ ◦ rZX ◦ Cmw,ψ)(h)
− (rXnZ ◦ T )(g˜) + (rXnZ ◦ T )(g˜)− rXnZ ◦ rZX(g)
= (rXnZ ◦ r(ψ
m)−1(Y )
X ◦ Cmw,ψ)(h)
− (rXnZ ◦ T ◦ rYXn∪Y )(fn) + rXnZ (T (g˜)− rZX(g))
= (rXnZ ◦ Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y ◦ rYXn∪Y
◦ rXn∪YX )(h)− (rXnZ ◦ T ◦ rYXn∪Y )(fn)
+ rXnZ (T (g˜)− rZX(g))
= (rXnZ ◦ T ◦ rYXn∪Y )(rXn∪YX (h)− fn)
+ rXnZ (T (g˜)− rZX(g))
∈ 1
2
Un +
1
2
Un ⊆ Un,
so that Cmw,ψ(h) ∈ g + (rXnX )−1(Un). Thus we have shown
Cmw,ψ
(
f + (rXnX )
−1(Un)
) ∩ (g + (rXnX )−1(Un)) 6= ∅.

That condition a) from the previous proposition is in particular satisfied if Cw,ψ
has dense range is the content of the next one.
Proposition 3.8. Let F be a sheaf on Ω satisfying (F1), X ⊆ Ω be open such
that Cw,ψ acts locally on F (X). Assume that Cw,ψ has dense range. Then, for
every open subset Y of X and any m ∈ N0
r
(ψm)−1(Y )
X (F (X)) ⊆ (Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y )(F (Y )),
where the closure is taken in F ((ψm)−1(Y )).
Proof. Fix an open subset Y of X and m ∈ N. From the hypothesis on the range
of Cw,ψ, the continuity of the restriction map r
(ψm)−1(Y )
X , and the commutativity
relation (5) it follows
r
(ψm)−1(Y )
X (F (X)) = r
(ψm)−1(Y )
X (C
m
w,ψ(F (X)) ⊆ r(ψ
m)−1(Y )
X (C
m
w,ψ(F (X)))
= (Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y )(F (Y )).

We now come to an almost characterization of weak mixing for weighted com-
position operators acting locally on F (X), where F is a sheaf of functions defined
by local properties which satisfies (F1)− (F3).
Theorem 3.9. Let F be a sheaf on Ω satisfying (F1)− (F3), let X ⊆ Ω be open,
and assume that the weighted composition operator Cw,ψ acts locally on F (X).
Then, among the following, i) ⇒ ii) ⇒ iv). Additionally, if F (Ω) is dense in
C(Ω) with respect to the compact-open topology or if |w(x)| ≤ 1 for all x ∈ X, it
holds i)⇒ ii)⇒ iii)⇒ iv).
i) a) For any m ∈ N0 and every open, relatively compact Y ⊆ ψm(X)
r
(ψm)−1(Y )
X (F (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(F (Y )),
where the closure is taken in F
(
(ψm)−1(Y )
)
.
b) There is an open, relatively compact exhaustion (Xn)n∈N0 of X such that
for every n ∈ N0 there is m ∈ N with
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b1) ψm(Xn) is open.
b2) Xn ∩ ψm(Xn) = ∅.
b3) The restriction map r
Xn∪ψ
m(Xn)
X has dense range.
ii) Cw,ψ is weakly mixing on F (X).
iii) Cw,ψ is transitive on F (X).
iv) a) from i) holds, w has no zeros, ψ is injective and run-away, and in case of
(F4) with continuously differentiable w and ψ, additionally detJψ(x) 6= 0
for every x ∈ X.
Remark 3.10.
i) If iv) of the above theorem is valid, ψ is in particular run-away so that b2)
is satisfied for any open, relatively compact exhaustion (Xn)n∈N0 of X for
suitable m.
ii) In case of Ω = Rd, if ψ is injective it follows from Brouwer’s Invariance
of Domain Theorem (see [Br, Corollary 19.9] for an even stronger result)
that for any open subset Y of X and each m ∈ N0 the set ψm(Y ) is open.
Thus, in case of Ω = Rd, the only obstruction against the equivalence of i),
ii), and iv) in Theorem 3.9 is the existence of a particular open, relatively
compact exhaustion (Xn)n∈N which satisfies b3). In concrete situations,
this obstruction is overcome by a suitable approximation result which -
depending on the concrete sheaf of functions under consideration - can be
trivial (e.g. in the case of continuous functions) or highly sophisticated (as
in the case of holomorphic functions in several variables [Za]).
iii) Although looking possibly rather deterrering condition a) from item i) in
Theorem 3.9 is in most concrete situations fulfilled for zero-free w and
injective as well as open (the latter is redundant for Ω = Rd by Brouwer’s
Invariance of Domain Theorem) ψ because of the following. Under the
stated hypothesis on w and ψ for any open subset Y of ψm(X),m ∈ N0,
and each f ∈ F ((ψm)−1(Y )) the function
f˜ : Y 7→ K, y 7→ ( f∏m−1
j=0 w(ψ
j(·))
) ◦ (ψm)−1(y)
is a well-defined, continuous function. In case of f˜ ∈ F (Y ) a straightfor-
ward calculation gives(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(f˜) = f
in (ψm)−1(Y ). But in many concrete examples, f˜ ∈ F (Y ) indeed holds - if
also detJψ(x) 6= 0 for all x ∈ X . In case of F = Cr it follows from the fact
that if Cw,ψ is well-defined then w ∈ Cr(X) and therefore 1w ∈ Cr(X), ψ is
Cr, too, and by the Inverse Function Theorem (see e.g. [Na, Theorem 1.3.2,
Remark 1.3.11]) the same holds for (ψm)−1 so that f˜ ∈ Cr(Y ). The same
arguments also hold for real analytic or holomorphic functions in several
variables (see e.g. again [Na], resp. [FrGr, Theorem 7.5]). Thus, in many
concrete examples, condition a) from i) of Theorem 3.9 is redundant in part
iv).
Proof of Theorem 3.9. Assume that i) holds and let Vj ,Wj ⊆ F (X) be non-empty
and open, j = 1, 2. We fix fj ∈ Vj , gj ∈ Wj , j = 1, 2. Since by (F1) we have
F (X) = proj←n(F (Xn), r
Xn
Xn+1
) topologically, there is n ∈ N and an absolute
convex zero neighborhood Un in F (Xn) such that for j = 1, 2 we have
fj + (r
Xn
X )
−1(Un) ⊆ Vj and gj + (rXnX )−1(Un) ⊆Wj
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(see e.g. [We, Chapter 3.3]). From hypotheses a) and b) it follows with the aid of
Proposition 3.7 that there is m ∈ N such that for j = 1, 2 we have
∅ 6= Cmw,ψ
(
fj + (r
Xn
X )
−1(Un)
) ∩ (gj + (rXnX )−1(Un)) ⊆ Cmw,ψ(Vj) ∩Wj ,
so that ii) holds.
ii) obviously implies iii).
If ii) is satisfied (respectively if iii) is satisfied and F (Ω) is dense in C(Ω) or
|w| ≤ 1) Cw,ψ has in particular dense range so that condition a) in i) follows from
Proposition 3.8 while the rest of the properties listed in iv) follow from Proposition
3.4. 
Concrete applications of Theorem 3.9 will be postponed to sections 4, 5, and
6. We next come to an almost characterization of mixing of weighted composition
operators on local function spaces.
Theorem 3.11. Let F be a sheaf on Ω satisfying (F1)−(F3), let X ⊆ Ω be open,
and assume that the weighted composition operator Cw,ψ acts locally on F (X).
Then, among the following, i)⇒ ii)⇒ iii):
i) a) For any m ∈ N0 and every open, relatively compact Y ⊆ ψm(X)
r
(ψm)−1(Y )
X (F (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(F (Y )),
where the closure is taken in F
(
(ψm)−1(Y )
)
.
b) There is an open, relatively compact exhaustion (Xn)n∈N0 of X such that
for every n ∈ N0 there is M ∈ N with
b1) ψm(Xn) is open for all m ≥M .
b2) Xn ∩ ψm(Xn) = ∅ for all m ≥M .
b3) The restriction map r
Xn∪ψ
m(Xn)
X has dense range for all m ≥M .
ii) Cw,ψ is mixing on F (X).
iii) a) from i) holds, w has no zeros, ψ is injective and strong run-away,
and in case of (F4) with continuously differentiable w and ψ, addition-
ally detJψ(x) 6= 0 for every x ∈ X.
Proof. In order to show that i) implies ii) let V,W ⊆ F (X) be open and non-empty.
As in the proof of the implication "i)⇒ ii)" of Theorem 3.9, let f ∈ V, g ∈ W , and
choose n ∈ N and an absolutely convex zero neighborhood Un in F (Xn) such that
f + (rXnX )
−1(Un) ⊆ V and g + (rXnX )−1(Un) ⊆W.
From the hypotheses a), b1)-b3) it follows together with Proposition 3.7 that there
is M ∈ N such that for any m ≥M
∅ 6= Cmw,ψ
(
f + (rXnX )
−1(Un)
) ∩ (g + (rXnX )−1(Un)) ⊆ Cmw,ψ(V ) ∩W,
so that Cw,ψ is mixing.
If on the other hand Cw,ψ is mixing, Cw,ψ is in particular weakly mixing so that
by Theorem 3.9 we only have to show that ψ is strong run away. Assume that this
is not the case, i.e. that there is a compact subset K of X and a strictly increasing
sequence of natural numbers (ml)l∈N such that
∀ l ∈ N ∃xl ∈ K : ψml(xl) ∈ K.
By (F2) there is fK ∈ F (X) such that fK(x) 6= 0 for all x in K. Then
α := inf
x∈K
|fK(x)| > 0 and β := sup
x∈K
|fK(x)| <∞
and the set
U := {g ∈ F (X); ∀x ∈ K : α
2
< |g(x)| < 2β}
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contains fK and is open with respect to the compact-open topology and is therefore
an open neighborhood of fK in F (X). The set
V := {g ∈ F (X); sup
x∈K
|g(x)| < α
2
8β
}
is open in F (X), too, and contains the zero function. Since Cw,ψ is mixing, there
is M ∈ N such that
∀m ≥M : Cmw,ψ(U) ∩ U 6= ∅ and Cmw,ψ(U) ∩ V 6= ∅.
Now we fix l ∈ N with ml > M and pick f ∈ U with Cmlw,ψ(f) ∈ U as well as
g ∈ U with Cmlw,ψ(g) ∈ V . As in the proof of Proposition 3.4 v) under the additional
assumption v-2) one deduces the contradiction
α
4β
< |
ml−1∏
j=0
w(ψj(xl))| < α
4β
.
Thus, ψ is strong run-away. 
4. Dynamics of weighted composition operators on concrete local
function spaces
As a first application of the results from the previous section we next show how
to use them to recover characterizations of transitivity/hypercyclicity and mixing
of weighted composition operators on various concrete functions spaces obtained
by several authors or which we assume to be well-known (and add a slight general-
ization here and there).
4.1. Continuous functions. For an arbitrary locally compact, σ-compact, non-
compact Hausdorff space Ω the sheaf of continuous functions C satisfies properties
(F1)− (F3) as explained in example 2.3 i). Clearly, for an arbitrary open subset
X ⊆ Ω, w ∈ C(X), and continuous ψ : X → X the weighted composition operator
Cw,ψ is well-defined on C(X) and acts locally on C(X).
Recall that locally compact spaces are completely regular and that by [Wa,
Theorem 5] for a completely regular topological space Z the space C(Z) equipped
with the compact-open topology is separable, if and only if Z has a separable
metrizable compression, i.e. if and only if Z has a weaker separable metrizable
topology. Thus, in case the open subset X of Ω below has a weaker separable
metrizable topology, part a) of the next result characterizes hypercyclicity of Cw,ψ
on C(X).
Corollary 4.1. Let Ω be a locally compact, σ-compact, non-compact Hausdorff
space, X ⊆ Ω be open, w ∈ C(X) and ψ : X → X be continuous. If Ω 6= Rd we
assume additionally that ψ is open.
a) The following are equivalent.
i) Cw,ψ is weakly mixing on C(X).
ii) Cw,ψ is transitive on C(X).
iii) w has no zeros, ψ is injective and run-away.
b) The following are equivalent.
i) Cw,ψ is mixing on C(X).
ii) w has no zeros, ψ is injective and strong run-away.
Proof. We first prove a). Clearly, i) implies ii) and by Theorem 3.9, ii) implies iii).
Now, if iii) is satisfied it follows from Remark 3.10 that condition i) a) from Theorem
3.9 is fulfilled. Let (Xn)n∈N0 be an arbitrary open, relatively compact exhaustion
of X . If Ω = Rd it follows from Brouwer’s Invariance of Domain Theorem, ψm is
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an open mapping on X for any m, in particular, for every n ∈ N0 and any m ∈ N,
ψm(Xn) is an open subset of X . In case of Ω 6= Rd the same follows from the
hypotheses on ψ. For fixed n ∈ N0, since ψ is run-away, there is m ∈ N such that
Xn ∩ ψm(Xn) = ∅.
LetK be a compact subset of Xn∪ψm(Xn). Since X is a locally compact Hausdorff
space, X is normal and therefore in particular X is regular. Thus, for every x ∈ K
there is an open neighborhood Vx of x such that Vx ⊆ Xn ∪ ψm(Xn). Using the
compactness of K we deduce from this that there is an open neighborhood V of
K such that V ⊆ Xn ∪ ψm(Xn). By Urysohn’s Lemma [En, Theorem 1.5.11] there
is h ∈ C(X) such that h = 1 on K and h = 0 on X\V , thus supph ⊆ V . Now
if g ∈ C(Xn ∪ ψm(Xn)) we obtain a continuous function f on X with f|K = g by
extending hg by zero outside of Xn ∪ ψm(Xn). Since K ⊂ Xn ∪ ψm(Xn) was an
arbitary compact set it follows that r
Xn∪ψ
m(Xn)
X has dense range. Hence, condition
i) b) from Theorem 3.9 is also satisfied, so that iii) implies i).
Referring to Theorem 3.11 instead of Theorem 3.9 the proof of b) is mutatis
mutandis the same as the proof of part a). 
4.2. Cr-functions on open subsets of Rd. Let F be the sheaf Cr of r-
times continuously differentiable functions on Rd (equipped with the topology of
local uniform convergence of partial derivatives of order less than r + 1). Then Cr
satisfies properties (F1) − (F4) as explained in example 2.3 ii) and Cr(X) is a
separable Fréchet space for every open subset X ⊆ Rd. Clearly, for an arbitrary
open subset X ⊆ Rd, w ∈ Cr(X), and a Cr-function ψ : X → X the weighted
composition operatorCw,ψ is well-defined on C
r(X) and acts locally on Cr(X). The
next application of the results from the previous section gives the results obtained
by Przestacki in [Pr] in case of r =∞.
Corollary 4.2. Let X ⊆ Rd be open, r ∈ N∪ {∞}, w ∈ Cr(X) and ψ : X → X be
a Cr-function.
a) The following are equivalent.
i) Cw,ψ is weakly mixing on C
r(X).
ii) Cw,ψ is hypercyclic on C
r(X).
iii) w has no zeros, ψ is injective, run-away, and detJψ(x) 6= 0 for all
x ∈ X.
b) The following are equivalent.
i) Cw,ψ is mixing on C
r(X).
ii) w has no zeros, ψ is injective, strong run-away, and detJψ(x) 6= 0 for
all x ∈ X.
Proof. We first prove a). Since Cr(X) is a separable Fréchet space, by Birkhoff’s
transitivity criterion, hypercyclicity of Cw,ψ is equivalent to transitivity. Thus, i)
implies ii) and since polynomials, a fortiori Cr(Rd), are dense in C(Rd) (see e.g. [Tr,
Chapter 15, Corollary 4]) by Theorem 3.9, ii) implies iii). Now, if iii) is satisfied
it follows from Remark 3.10 that condition i) a) from Theorem 3.9 is fulfilled.
Let (Xn)n∈N0 be an arbitrary open, relatively compact exhaustion of X . Because
detJ(x) 6= 0 for all x ∈ X it follows together with the injectivity of ψ that ψm is an
open mapping (see e.g. [Na, Theorem 1.3.2]). In particular, for every n ∈ N0 and
any m ∈ N, ψm(Xn) is an open subset of X . For fixed n ∈ N0, since ψ is run-away,
there is m ∈ N such that
Xn ∩ ψm(Xn) = ∅.
Let K be a compact subset of Xn ∪ ψm(Xn) and V an open K such that V ⊆
Xn ∪ ψm(Xn). Then there is h ∈ C∞(X) such that h = 1 on K and supph ⊆ V .
Now if g ∈ C∞(Xn ∪ ψm(Xn)) we obtain a smooth function f on X with f|K = g
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by extending hg by zero outside of Xn ∪ ψm(Xn). Since K ⊆ Xn ∪ ψm(Xn) was
an arbitary compact set we conclude that r
Xn∪ψ
m(Xn)
X has dense range so that i)
b) from Theorem 3.9 is fulfilled. Thus, iii) implies i).
Referring again to Theorem 3.11 instead of Theorem 3.9 the proof of b) is mutatis
mutandis the same as the proof of part a). 
4.3. Real analytic functions on open subsets of Rd. Let F be the sheaf A
of real analytic functions on Rd (equipped with its natural topology, see Example
2.3 v)). Then A satisfies properties (F1)− (F4) as explained in Examples 2.3 v)
and clearly, for an arbitrary open subset X ⊆ Rd, w ∈ A (X), and real analytic
ψ : X → X the weighted composition operator Cw,ψ is well-defined on A (X) and
acts locally on A (X). For the special case of w = 1, the equivalence of ii) and
iii) in part a) of our next application of the results from the previous section was
obtained by Bonet and Domański in [BoDo, Theorem 2.3].
Corollary 4.3. Let X ⊆ Rd be open, w ∈ A (X) and ψ : X → X be real analytic.
a) The following are equivalent.
i) Cw,ψ is weakly mixing on A (X).
ii) Cw,ψ is transitive on A (X).
iii) w has no zeros, ψ is injective, run-away, and detJψ(x) 6= 0 for all
x ∈ X.
b) The following are equivalent.
i) Cw,ψ is mixing on A (X).
ii) w has no zeros, ψ is injective, strong run-away, and detJψ(x) 6= 0 for
all x ∈ X.
Proof. As before, we first prove a). Obviously, i) implies ii) and because polynomials
are dense in C(Rd) (see e.g. [Tr, Chapter 15, Corollary 4]) by Theorem 3.9, ii)
implies iii). Now, if iii) is satisfied it follows from Remark 3.10 that condition i)
a) from Theorem 3.9 is fulfilled. Let (Xn)n∈N0 be an arbitrary open, relatively
compact exhaustion of X . As in the proof of Corollary 4.2 it follows that for every
n ∈ N0 and any m ∈ N, ψm(Xn) is an open subset of X . For fixed n ∈ N0, since ψ
is run-away, there is m ∈ N such that
Xn ∩ ψm(Xn) = ∅,
so that b1) and b2) from i) in Theorem 3.9 are fulfilled.
In order to show that b3) is fulfilled, too, let f ∈ A (Xn ∪ψm(Xn)) be arbitrary
and let V be any neighborhood of f in A (Xn ∪ ψm(Xn)). By the definition of the
topology on A (Xn ∪ψm(Xn)) there is a compact subset K of Xn ∪ψm(Xn) and a
complex neighborhoodW0 ⊆ Cd ofK such that f extends to a holomorphic function
on W0 and such that for every complex neighborhood W of K with W ⊆W0 there
is δ > 0 with
{g ∈ H ∞(W ); ‖f − g‖∞,W < δ} ⊆ V,
where ‖ · ‖∞,W denotes the supremum norm over W . Because compact subsets of
Rd are polynomially convex in Cd it follows from [Hö2, Theorem 2.7.7] that for
any relatively compact, complex neighborhood W of K with W ⊆ W0 there is
a (holomorphic) polynomial p such that ‖f − p‖∞,W < δ. In particular, p|X ∈
V ∩ A (X). By the arbitrariness of V and f it follows that the restriction map
r
Xn∪ψ
m(Xn)
X has dense range so that b3) of part i) in Theorem 3.9 is indeed fulfilled.
Now, by the same theorem, iii) implies i) so that a) is proved.
The proof of part b) is again done as the proof of a) by referring to Theorem
3.11 instead of Theorem 3.9. 
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A generalization of the setting of real analytic functions is given in the next
section.
5. Spaces of ultradifferentiable functions
In this section we consider as our function spaces defined by local properties
spaces of ultradifferentiable functions on open subsets of Rd, both of Roumieu
type and Beurling type, and both quasianalytic classes as well as non-quasianalytic
classes.
There are at least two ways to define spaces of ultradifferentiable functions.
Classical Denjoy-Carleman classes are defined as smooth functions satisfying certain
growth conditions on their Taylor coefficients while it was observed by Beurling
[Beu] (see also Björck [Bj]) that one can also use decay properties with respect to a
weight function of the Fourier transform of compactly supported smooth functions
for this purpose as well. The latter approach was vastly generalized by Braun,
Meise, and Taylor in [BrMeTa]. It is their approach to ultradifferentiable functions
which we will follow here. For a comparison of these two approaches, see [BoMeMe];
see also the article [RaSc1] by Rainer and Schindl.
Recall that a continuous increasing function ω : [0,∞) → [0,∞) satisfying
ω|[0,1] = 0 is called a weight function if the following properties hold:
(α) There is K ≥ 1 such that ω(2t) ≤ K(1 + ω(t)) for all t ≥ 0.
(β) ω(t) = O(t) as t tends to infinity.
(γ) log(1 + t) = o(ω(t)) as t tends to infinity.
(δ) ϕ : [0,∞)→ [0,∞), ϕ(x) := ω(ex) is convex.
Recall that a weight function ω is called quasianalytic if it satisfies the property
(q)
∫∞
1
ω(t)
t2 dt =∞.
A weight function which does not satisfy (q) is called non-quasianalytic. Because
of (γ) and (δ), for a weight function ω and ϕ as in (δ), the Young conjugate ϕ∗ of
ϕ
ϕ∗ : [0,∞)→ [0,∞), ϕ∗(y) := sup
x≥0
(yx− ϕ(x))
is well-defined, convex, increasing, and satisfies ϕ∗(0) = 0, limy→∞
y
ϕ∗(y) = 0, and
(ϕ∗)∗ = ϕ. For a weight function ω and an open X ⊆ Rd we define
E(ω)(X) := {f ∈ C∞(X) : ∀K ⊆ X compact∀m ∈ N :
‖f‖(ω),K,m := sup
x∈K
sup
α∈Nd
0
|∂αf(x)| exp
(
−mϕ∗( |α|
m
))
<∞}
and
E{ω}(X) := {f ∈ C∞(X) : ∀K ⊆ X compact∃m ∈ N :
‖f‖{ω},K,m := sup
x∈K
sup
α∈Nd
0
|∂αf(x)| exp
(
− 1
m
ϕ∗
(
m|α|)) <∞}.
The elements of E(ω)(X), resp. E{ω}(X), are called ω-ultradifferentiable functions
of Beurling type on X , resp. ω-ultradifferentiable functions of Roumieu type on
X . Obviously, E(ω)(X) ⊆ E{ω}(X) and clearly, E(ω) and E{ω} are sheaves on Rd.
E(ω)(X) contains non-trivial functions with compact support for some non-empty
open X if and only if ω is non-quasianalytic.
Prominent examples of weights are ωβ(t) = t
β with 0 < β < 1 for which
ϕ∗(y) = y/β log(y/eβ) so that exp(−ϕ∗(|α|λ)/λ) = (λ/β)−|α|/β(|α|/e)−|α|/β . By
Stirling’s formula E{ωβ}(X) is the classical Gevrey class of exponent 1/β, Γ
1/β(X),
and E(ωβ)(X) is the so-called small Gevrey class of exponent 1/β, γ
1/β(X). The
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spaces Γ1/β(X) play an important role in the regularity theory of solutions of hy-
poelliptic partial differential equations, see [Hö1, Section 11.4].
Moreover, for the weight function ω(t) = t the corresponding Roumieu space
E{ω}(X) coincides with A (X) while the corresponding Beurling space E(ω)(X) con-
sist of the restrictions to X of functions from H (Cd).
As usual, E(ω)(X) will be equipped with the locally convex topology induced
by the family {‖ · ‖(ω),K,m; K ⊆ X compact, m ∈ N} of seminorms, and E{ω}(X)
will be topologized as proj←Y indm→∞E{ω}(Y,m), where for each open, relatively
compact subset Y of X
E{ω}(Y,m) :={f ∈ C∞(Y );
‖f‖{ω},Y,m := sup
x∈Y
sup
α∈Nd
0
|∂αf(x)| exp
(
− 1
m
ϕ∗(m|α|)
)
<∞}
endowed with the norm ‖ · ‖{ω},Y,m is a Banach space.
Proposition 5.1. Let ω be a weight function. Equipped with their usual locally
convex topologies the sheaves E(ω) and E{ω} on R
d both satisfy properties (F1) −
(F4).
Proof. It is well-known that for open X ⊆ Rd the space E(ω)(X) is a (nuclear)
Fréchet space, [BrMeTa, Proposition 4.9]. Obviously, point evaluations δx are con-
tinuous linear functionals on E(ω)(X) for any x ∈ X . Therefore, as observed in
Remark 2.2 i) the sheaf E(ω) on R
d satisfies (F1). Moreover, since E(ω)(X) is
closed under differentiation and since polynomials obviously belong to E(ω)(X),
properties (F2)− (F4) are fulfilled, too.
Clearly, in the definition of the topology of E{ω}(X) it is enough to take the
projective limit with respect to an open, relatively compact exhaustion (Yn)n∈N of
X . Therefore, being the projective limit of a sequence of LB-spaces it follows that
E{ω}(X) is webbed. It has been shown recently by Debrouwere and Vindas [DeVi,
Proposition 3.2] that the space of ultradifferentiable functions of Roumieu type is
ultrabornological.
Let (Xn)n∈N0 be an open, relatively compact exhaustion of X . In order to show
that the continuous bijection
i : E{ω}(X)→ proj←n(E{ω}(Xn), rXnXn+1), f 7→ (rXnX (f))n∈N0
is open, let V be an arbitrary zero neighborhood in E{ω}(X). By the defini-
tion of the topology on E{ω}(X) there is n ∈ N and zero neighborhood Un in
indm→∞E{ω}(Xn,m) such that ρ
−1
n (Un) ⊆ V where
ρn : E{ω}(X)→ indm→∞E{ω}(Xn,m), f 7→ f|Xn .
With the continuous
ρ˜n+1 : E{ω}(Xn+1)→ indm→∞E{ω}(Xn,m), f 7→ f|Xn
it follows that ρ˜−1n+1(Un) is a zero neighborhood in E{ω}(Xn+1) for which
ρ˜−1n+1(Un) ∩ rXn+1X (E{ω}(X)) = rXn+1X
(
ρ−1n (Un)
)
⊆ rXn+1X
(
V
)
.
For k ∈ N0, let
πk : proj←n(E{ω}(Xn), r
Xn
Xn+1
)→ E{ω}(Xk), (fn)n∈N0 7→ fk
so that
i(V ) = π−1n+1(r
Xn+1
X (V )) ⊇ π−1n+1
(
ρ˜−1n+1(Un) ∩ rXn+1X (E{ω}(X))
)
= π−1n+1
(
ρ˜−1n+1(Un)
)
.
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Since ρ˜−1n+1(Un) is a zero neighborhood in E{ω}(Xn+1) the above inclusion implies
that i(V ) is a zero neigborhood in proj←n(E{ω}(Xn), r
Xn
Xn+1
) so that i is open and
the sheaf E{ω} satisfies (F1).
Properties (F2)−(F4) of E{ω} follow again from the fact that E{ω}(X) is closed
under differentiation and contains all polynomials. 
Since for arbitrary weight functions ω the spaces E(ω)(X) and E{ω}(X) are lo-
cally convex algebras (see [BrMeTa, Proposition 4.4]) it follows that a weighted
composition operator Cw,ψ is well-defined on E(ω)(X) resp. E{ω}(X) whenever the
weight w belongs to the ultradifferentiable class and additionally, the composi-
tion with ψ defines a continuous linear operator on E(ω)(X), resp. E{ω}(X). For
non-quasianalytic weight functions ω this has been characterized by Fernández and
Galbis in [FeGa] while Rainer and Schindl extended this characterization, among
others, to more general weight functions in [RaSc1], see also [RaSc2]. We define for
a weight function ω property
(α0) ∃C > 0, t0 > 0 ∀λ ≥ 1, t ≥ t0 : ω(λt) ≤ Cλω(t).
Property (α0) characterizes when composition with a smooth function ψ : X → X
with components ψj , 1 ≤ j ≤ d, all belonging to E{ω}(X) defines a continuous linear
operator on E{ω}(X). If ω(t) = o(t) as t tends to infinity, (α0) characterizes when
composition with a smooth function ψ : X → X with components ψj , 1 ≤ j ≤ d,
all belonging to E(ω)(X) is a continuous linear operator on E(ω)(X). Thus, under
these conditions, Cw,ψ is then a well-defined, continuous linear operator which then
also acts locally on E(ω)(X) resp. E{ω}(X).
Theorem 5.2. Let ω be a weight function satisfying (α0) and such that ω(t) = o(t)
as t tends to infinity. Moreover, let X ⊆ Rd be open, w ∈ E(ω)(X), and ψ : X → X
be smooth such that ψj ∈ E(ω)(X) for all 1 ≤ j ≤ d.
a) The following are equivalent.
i) Cw,ψ is weakly mixing on E(ω)(X).
ii) Cw,ψ is hypercyclic on E(ω)(X).
iii) w has no zeros, ψ is injective, run-away, and detJψ(x) 6= 0 for all
x ∈ X.
b) The following are equivalent.
i) Cw,ψ is mixing on E(ω)(X).
ii) w has no zeros, ψ is injective, strong run-away, and detJψ(x) 6= 0 for
all x ∈ X.
Proof. By a result due to Heinrich and Meise [HeMe, Proposition 3.2] H (Cd) is
dense in E(ω)(X). In particular, (holomorphic) polynomials are dense in E(ω)(X)
implying that the latter Fréchet space is separable. Because polynomials are con-
tained in E(ω)(R
d) it follows that the latter space is dense in C(Rd). By Theorem
3.9 it thus follows that i) implies ii) and that ii) implies iii) in part a).
If iii) in a) is satisfied, it follows from the hypotheses on ω and [RaSc2, Theorem
4] that 1w ∈ E(ω)(X) and that for anym ∈ N the components of the smooth function
(ψm)−1 : X → X belong to E(ω)(X). Therefore, applying again [RaSc2, Theorem
4] it follows that for every open subset Y of ψm(X) and any f ∈ E(ω)((ψm)−1(Y ))
the function
f˜ : Y → K, y 7→ ( f∏m−1
j=0 w(ψ
j(·))
) ◦ (ψm)−1(y)
belongs to E(ω)(Y ). As detailed in Remark 3.10 iii) this implies that condition
a) of part i) of Theorem 3.9 is satisfied. Moreover, because ψ is run-away and
detJψ(x) 6= 0 for every x ∈ X it follows that conditions b1) and b2) from part i)
of Theorem 3.9 are fulfilled for any open, relatively compact exhaustion (Xn)n∈N
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of X . Finally, applying [HeMe, Proposition 3.2] once more it follows in particular
that condition b3) from part i) of Theorem 3.9 is satisfied, too, for an arbitrary
open, relatively compact, exhaustion (Xn)n∈N of X . Hence, by Theorem 3.9, iii)
implies i) in part a).
Mutatis mutandis, part b) of the theorem is again proved by applying Theorem
3.11 instead of Theorem 3.9. 
Theorem 5.3. Let ω be a weight function satisfying (α0). Moreover, let X ⊆ Rd
be open, w ∈ E{ω}(X), and ψ : X → X be smooth such that ψj ∈ E{ω}(X) for all
1 ≤ j ≤ d.
a) The following are equivalent.
i) Cw,ψ is weakly mixing on E{ω}(X).
ii) Cw,ψ is transitive on E{ω}(X).
iii) w has no zeros, ψ is injective, run-away, and detJψ(x) 6= 0 for all
x ∈ X.
b) The following are equivalent.
i) Cw,ψ is mixing on E{ω}(X).
ii) w has no zeros, ψ is injective, strong run-away, and detJψ(x) 6= 0 for
all x ∈ X.
Proof. We first prove part a) of the theorem. Clearly, i) implies ii) and since
polynomials are contained in E{ω}(R
d) the latter space is dense in C(Rd) so that
by Theorem 3.9, iii) follows from ii). If iii) is satisfied, it follows as in the proof
of Theorem 5.2 from [RaSc2, Theorem 3], and Remark 3.10 iii) that condition a)
in part i) of Theorem 3.9 is fulfilled. Condition b3) of part i) in Theorem 3.9 is
satisfied for any open, relatively compact exhaustion (Xn)n∈N because by [HeMe,
Proposition 3.2] H (Cd) is dense in E{ω}(Y ) for every open subset Y of R
d. From
the run-away property and the injectivity of ψ together with detJ(x) 6= 0 for all
x ∈ X it follows that conditions b1) and b2) from part i) of Theorem 3.9 are
satisfied, too, so that i) follows.
The proof of part b) is once more a straight forward modification of the proof of
part a) involving Theorem 3.11. 
Since for the weight function ω(t) = t the spaces E{ω}(X) and A (X) coincide as
locally convex spaces it follows that Corollary 4.3 is a special case of Theorem 5.3.
6. Kernels of elliptic differential operators
In this section we apply the results from section 3 to weighted composition
operators defined on kernels of elliptic partial differential operators. The special
case of the Cauchy-Riemann operator will give the space of holomorphic functions
of a single variable equipped with the compact-open topology. In this context
dynamical properties of (even a sequence of) unweighted composition operators
have been studied by Bernal-González, Montes-Rodríguez [BeMo], resp. Große-
Erdmann, Mortini [GEMo]. For dynamical properties of weighted composition
operators on the Fréchet space of holomorphic functions see also the articles [YoRe]
and [Bes].
The special case of the Laplace operator gives the space of harmonic functions
endowed with the compact-open topology where dynamical properties of special un-
weighted composition operators have been studied for example in [Dz], [Ar]. The
results in this section complement those from [CaMu], [KaNi], and [KaNiRe] where
hypercyclicity of special unweighted composition operators on spaces of zero solu-
tions to linear partial differential equations with constant coefficients is considered.
As explained in example 2.3 v), for a non-constant polynomial with complex
coefficients in d ≥ 2 variables P ∈ C[X1, . . . , Xd] and an open subset X ⊆ Rd we
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define
C∞P (X) := {u ∈ C∞(X); P (∂)u = 0 in X},
where for P (ξ) =
∑
|α|≤m aαξ
α with aα0 6= 0 for some multiindex α0 ∈ Nd0 with
|α0|(= α1 + . . .+ αd) = m we define
∀u ∈ C∞(X), x ∈ X : P (∂)u(x) =
∑
|α|≤m
aα∂
αu(x).
As a closed subspace of the separable nuclear Fréchet space C∞(X) the space
C∞P (X) is then again a separable nuclear Fréchet space. For hypoelliptic polyno-
mials P - by definition - for every open X ⊆ Rd the spaces C∞P (X) and
D
′
P (X) := {u ∈ D ′(X); P (∂)u = 0 in X}
coincide (that is, every distribution u onX which satisfies P (∂)u = 0 inX is already
a smooth function). By a result of Malgrange (see e.g. [Tr, Theorem 52.1]) the
spaces C∞P (X) and D
′
P (X) also coincide as locally convex spaces when the latter is
endowed with the relative topology inherited from D ′(X) equipped with the strong
dual topology as the topological dual of D(X). This implies in particular, that for
hypoelliptic polynomials the compact-open topology on C∞P (X) and the relative
topology inherited from C∞(X) coincide. Therefore, for hypoelliptic polynomials P
the space C∞P (X) endowed with the compact-open topology is a separable (nuclear)
Fréchet space for every open X ⊆ Rd.
As already mentioned in example 2.3 v), C∞P defines a sheaf on R
d which satisfies
(F1) and (F2) but generally (F3) need not hold. However, the next proposition
shows that for hypoelliptic polynomials P both (F3) and (F4) hold for C∞P .
Proposition 6.1. Let d ≥ 2 and let P ∈ C[X1, . . . , Xd] be hypoelliptic. The sheaf
C∞P satisfies both (F3) and (F4).
Proof. Fix x, y ∈ Rd with x 6= y. By renumbering the coordinates we can as-
sume without loss of generality that xd − yd 6= 0. For ξ′ ∈ Rd−1 we denote by
λ1(ξ
′), . . . , λl(ξ′)(ξ
′) ∈ C the pairwise distinct roots of the polynomial
C→ C, z 7→ P (ξ′, z),
ordered in such a way that (Imλj(ξ
′))1≤j≤l(ξ′) is increasing and Reλj(ξ
′) < Reλj+1(ξ
′)
whenever Imλj(ξ
′) = Imλj+1(ξ
′).
Then the mapping
Imλ1 : R
d−1 → R, ξ′ 7→ Imλ1(ξ′)
is continuous. Indeed, fix ξ′0 ∈ Rd−1 and let mj be the multiplicities of the λj(ξ′0).
Let ε > 0. Without loss of generality we assume that ε is so small that for every j
we have Imλj(ξ
′
0)+ε < Imλj+1(ξ
′
0)−ε if Imλj(ξ′0) < Imλj+1(ξ′0) and Reλj(ξ′0)+ε <
Reλj+1(ξ
′
0)− ε if Imλj(ξ′0) = Imλj+1(ξ′0). Then B(λj(ξ′0), ε) ∩B(λk(ξ′0), ε) = ∅ for
every 1 ≤ j, k ≤ l(ξ′0), j 6= k. For any 1 ≤ j ≤ l(ξ′0) we have by Taylor’s Theorem
for every ξ′ ∈ Rd−1 with |ξ′ − ξ′0| < 1
∀ z ∈ C, |z − λj(ξ′0)| = ε : |P (ξ′, z)− P (ξ′0, z)|
= |
∑
α6=0
P (α)((ξ′0, 0) + zed)
(ξ′ − ξ′0, 0)α
α!
|
≤
∑
α6=0
|P (α)((ξ′0, 0) + zed)|
|ξ′ − ξ′0||α|
α!
≤ |ξ′ − ξ′0| sup
ζ∈C,|ζ−λj(ξ′0)|=ε
∑
α6=0
|P (α)((ξ′0, 0) + ζed)|
1
α!
.
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Thus, if |ξ′ − ξ′0| is sufficiently small the right hand side of the above inequality is
less than
inf{|P (ξ′0, ζ)|; ζ ∈ C, |ζ − λj(ξ′0)| = ε}
( ≤ |P (ξ′0, z)| (|z − λj(ξ′0)| = ε))
for any j. Hence it follows from Rouché’s Theorem for ξ′ sufficiently close to ξ′0,
say |ξ′ − ξ′0| < δ, that P (ξ′, ·) has exactly mj roots zξ
′
j,1, . . . z
ξ′
j,mj
in B(λj(ξ
′
0), ε) for
each 1 ≤ j ≤ l(ξ′0).
Now set k := max{1 ≤ j ≤ l(ξ′0); Imλ1(ξ′0) = Imλj(ξ′0)}. Then for any 1 ≤ j ≤
k, 1 ≤ r ≤ mj we have
|Imzξ′j,r − Imλj(ξ′0)| < ε
if |ξ′ − ξ′0| < δ and according to our choice of ε we have
max{Imzξ′j,r; 1 ≤ j ≤ k, 1 ≤ r ≤ mj}
< min{Imzξ′j,r; k + 1 ≤ j ≤ k, 1 ≤ r ≤ mj}.
Therefore Imλ1(ξ
′), . . . , Imλm1(ξ
′), Imλm1+1(ξ
′), . . . , Imλmk(ξ
′) all belong to
(Imλ1(ξ
′
0)− ε, Imλ1(ξ′0) + ε) = . . . = (Imλk(ξ′0)− ε, Imλk(ξ′0) + ε)
so that for all 1 ≤ j ≤ mk we have |Imλj(ξ′)− Imλ1(ξ′0)| < ε when |ξ′− ξ′0| < δ. In
particular, |λ1(ξ′) − λ1(ξ′0)| < ε whenever |ξ′ − ξ′0| < δ which gives the continuity
of Imλ1.
Denoting V (P ) := {ζ ∈ Cd; P (ζ) = 0} it follows that (ξ′, λ1(ξ′)) ∈ V (P ) for
each ξ′ ∈ Rd−1 and therefore
(6) ∀ ξ′ ∈ Rd−1 : dist((ξ′,Reλ1(ξ′)), V (P )) ≤ |Imλ1(ξ′)|.
Since P is hypoelliptic we have
lim
x∈Rd,|x|→∞
dist(x, V (P )) =∞
(see [Hö1, Theorem 11.1.3]) which combined with (6) yields
(7) lim
|ξ′|→∞
|Imλ1(ξ′)| =∞.
This implies in particular that there are ξ′, η′ ∈ Rd−1 for which
〈Im((ξ′, λ1(ξ′))− (η′, λ1(η′))), x− y〉 = Im(λ1(ξ′)− λ1(η′))(xd − yd)
/∈ {2πk; k ∈ Z}.
Thus, there are ζ1, ζ2 ∈ V (P ) such that 〈Im (ζ1−ζ2), x−y〉 is not an integer multiple
of 2π. Setting 〈η, v〉 =∑dj=1 ηjvj for η, v ∈ Cd, the function
g : Rd → C, g(w) := exp(〈ζ1, x〉+ 〈ζ2, w〉) − exp(〈ζ2, x〉+ 〈ζ1, w〉)
satisfies g ∈ C∞P (Rd), g(x) = 0, and
g(y) = exp(〈ζ1, y〉+ 〈ζ2, x〉)
(
exp
(〈ζ1 − ζ2, x− y〉)− 1) 6= 0
which implies the existence of f ∈ C∞P (Rd) with f(x) = 0 and f(y) = 1. Hence,
(F3) is satisfied.
To verify (F4), let X ⊆ Rd be open. We first observe that −∂jδx, 1 ≤ j ≤ d,
is a continuous linear functional on C∞P (X). Now, let h ∈ Rd\{0} and λ ∈ K. By
renumbering the coordinates if necessary we may assume that hd 6= 0. By (7) it
follows
(8) ∃ ζ ∈ V (P ) : 〈h, Imζ〉 − Imλ 6= 0.
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Because eζ ∈ C∞P (X), where eζ(x) := exp(〈ζ, x〉),
d∑
j=1
hj∂jeζ(x)− λeζ(x) =
(
〈h,Reζ〉 − Reλ+ i(〈h, Imζ〉 − Imλ)
)
eζ(x)
where the factor (
〈h,Reζ〉 − Reλ+ i(〈h, Imζ〉 − Imλ)
)
does not vanish by (8). Therefore the continuous linear functional
u 7→
d∑
j=1
hj∂ju− λu
on C∞P (X) does not vanish identically so that (F4) is fulfilled. 
For us, elliptic polynomials will be of particular interest. Recall that a polynomial
P ∈ C[X1, . . . , Xd], P (ξ) =
∑
|α|≤m aαξ
α is called elliptic if
∀ ξ ∈ Rd\{0}; Pm(ξ) 6= 0,
where Pm(ξ) =
∑
|α|=m aαξ
α denotes the principal part of P . As is well-known,
elliptic polynomials are hypoelliptic (see e.g. [Hö1, Theorem 11.1.10]). In particular,
identifying C as usual with R2, and choosing for P ∈ C[X1, X2] the polynomial
P (ξ1, ξ2) =
1
2 (ξ1 + iξ2) gives the Cauchy-Riemann operator ∂z¯ and we have that
C∞P (X) = H (X) holds as locally convex spaces for any open X ⊆ C so that the
sheaf of holomorphic functions (equipped with the compact-open topology) on open
subsets of C is a special case.
Arguably the most prominent elliptic differential operator, apart from the Cauchy-
Riemann operator is the Laplace operator. Thus, the sheaf of harmonic functions
(equipped with the compact-open topology) on open subsets of Rd is also a special
case of the sheaves C∞P .
We are now going to characterize when for an elliptic polynomial P and an open
X ⊆ Rd a well-defined weighted composition operator Cw,ψ on C∞P (X) is weakly
mixing. As follows in particular from the results obtained in [GEMo] an unweighted
composition operator cannot be hypercyclic on H (X) if X is a finitely connected
but not simply connected domain. Thus, the special case of the Cauchy-Riemann
operator shows that topological properties of X have to be taken into account.
Theorem 6.2. Let P be an elliptic polynomial and let X ⊆ Rd be open and homeo-
morphic to Rd. Moreover, let w : X → C and ψ : X → X be smooth such that
Cw,ψ is well-defined on C
∞
P (X) and acts locally on C
∞
P (X).
a) The following are equivalent.
i) Cw,ψ is weakly mixing on C
∞
P (X).
ii) Cw,ψ has dense range, w has no zeros, and ψ is injective and run-away.
iii) w has no zeros, ψ is injective and run-away, and for each m ∈ N0 and
every open, relatively compact Y ⊆ ψm(X) it holds
r
(ψm)−1(Y )
X (C
∞
P (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(C∞P (Y )),
where the closure is taken in C∞P ((ψ
m)−1(Y )).
Moreover, detJψ(x) 6= 0 for all x ∈ X can be added to ii) and iii). If
additionally |w(x)| ≤ 1 for all x ∈ X then the above are equivalent to
iv) Cw,ψ is hypercyclic on C
∞
P (X).
b) The following are equivalent.
i) Cw,ψ is mixing on C
∞
P (X).
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ii) Cw,ψ has dense range, w has no zeros, and ψ is injective and strong
run-away.
iii) w has no zeros, ψ is injective and strong run-away, and for each m ∈
N0 and every open, relatively compact Y ⊆ ψm(X) it holds
r
(ψm)−1(Y )
X (C
∞
P (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(C∞P (Y )),
where the closure is taken in C∞P ((ψ
m)−1(Y )).
Moreover, detJψ(x) 6= 0 for all x ∈ X can be added to ii) and iii).
For the proof of Theorem 6.2 some preparations have to be made. Before pro-
viding these let us mention that in case of C = R2 it follows from the Riemann
Mapping Theorem that every simply connected, connected, open X ⊆ C different
from C is in particular homeomorphic to the open unit disc in C which itself is
homeomorphic to C. Thus, in case of d = 2 the topological hypothesis on X in
Theorem 6.2 means precisely that X is a simply connected domain.
In order to prove Theorem 6.2 we need the following version of the celebrated
Jordan-Brouwer Separation Theorem that can be found in [May, Satz 5.23]. Since
this reference is written in German and since we could not find a different reference
we include a proof here - which is different from the one presented in [May] - for
the reader’s convenience.
Theorem 6.3. (Version of Jordan-Brouwer Separation Theorem) Let K1
and K2 be homeomorphic compact subsets of R
d. Then Rd\K1 and Rd\K2 have
the same number of connected components.
Proof. For a topological space X we denote as usual the n-th reduced homology
group, respectively cohomology group, with coefficients in Z by H˜n(X,Z) respec-
tively H˜n(X,Z). Moreover, let Sd be the unit sphere in Rd+1, N := (1, 0, . . . , 0) ∈
Sd be the "north pole" and let φ : Rd → Sd\{N} be a homeomorphism. Since
K1 and K2 are homeomorphic it follows that the compact subsets {N}∪˙φ(K1) and
{N}∪˙φ(K2) of Sd are homeomorphic. Thus, the groups H˜d−1({N}∪˙φ(K1),Z) and
H˜d−1({N}∪˙φ(K2),Z) are isomorphic. Using Alexander Duality (see [Ha, Theorem
3.44]) it follows that the groups H˜0(S
d\({N}∪˙φ(K1)),Z) and H˜0(Sd\({N}∪˙φ(K2)),Z)
are isomorphic and therefore, the same is true for the groups H˜0(R
d\K1,Z) and
H˜0(R
d\K2,Z). Hence, the groups H˜0(Rd\K1,Z) ⊕ Z and H˜0(Rd\K2,Z) ⊕ Z are
isomorphic as well. Since for any topological space X the groups H˜0(X,Z)⊕Z and
H0(X,Z), the homology group of degree zero of X are isomorphic (see e.g. [Ha,
page 110]) and since H0(X,Z) is isomorphic to ⊕α∈C(X)Z, where C(X) is the set
of all pathwise connected components of X , it follows that Rd\K1 and Rd\K2 have
the same number of pathwise connected components. Since Rd\Kj are open in Rd
and thus locally pathwise connected it follows that Rd\K1 and Rd\K2 have indeed
the same number of connected components. 
Proposition 6.4. Denoting for x ∈ Rd and ε > 0 the open, resp. closed ball about x
with radius ε by B(x, ε) and B[x, ε], respectively, for every continuous and injective
ψ : Rd → Rd the following hold.
i) ∀n ∈ N : Rd\ψ(B[0, n]) = Rd\ψ(B(0, n)), Rd\B[0, n] = Rd\B(0, n).
ii) If d ≥ 2 then Rd\ψ(B[0, n]) and Rd\ψ(B(0, n)) are connected for every
n ∈ N.
iii) If d ≥ 2 and n ∈ N then Rd\(ψ(B(0, n)) ∪ B(0, n)) is connected whenever
ψ(B[0, n]) ∩B[0, n] = ∅.
Proof. Denoting the interior of A ⊆ Rd by int(A) we have Rd\int(A) = Rd\A for
any A ⊆ Rd. Thus, Rd\ψ(B[0, n]) = Rd\int(ψ(B[0, n])). Since ψ is continuous and
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injective it follows from Brouwer’s Invariance of Domain Theorem that ψ(B(0, n))
is open in Rd. Thus, ψ(B(0, n)) ⊆ int(ψ(B[0, n])). On the other hand, for x in the
interior of ψ(B[0, n]) there is δ > 0
ψ−1(B(x, δ)) ⊆ ψ−1(ψ(B[0, n])) = B[0, n],
where we used the injectivity of ψ. Since ψ−1(B(x, δ)) is open in Rd, we conclude
ψ−1(B(x, δ)) ⊆ B(0, n). From
B(x, δ) ⊆ ψ(B[0, n]) ⊆ ψ(Rd)
and the injectivity of ψ we get
B(x, δ) = ψ
(
ψ−1(B(x, δ))
) ⊆ ψ(B(0, n)).
Since x ∈ int(ψ(B[0, n])) was chosen arbitrarily it follows int(ψ(B[0, n])) ⊆ ψ(B(0, n))
so that int(ψ(B[0, n])) = ψ(B(0, n)) which proves i).
In order to prove ii), we define for n ∈ N
ψn : B[0, n]→ ψ(B[0, n]), x 7→ ψ(x)
which is a continuous bijection, thus a homeomorphism due to the compactness of
B[0, n]. Rd\B[0, n] is connected because d ≥ 2 so that by Theorem 6.3 the same is
true for Rd\ψ(B[0, n]). Therefore, using i), it follows that
Rd\ψ(B[0, n]) = Rd\ψ(B(0, n))
is connected, too, which proves ii).
In order to show iii), we first observe that
Rd\(ψ(B[0, n]) ∪B(0, n)) = Rd\int(ψ(B[0, n]) ∪B(0, n)).
Clearly,
int(ψ(B[0, n]) ∪B(0, n)) ⊇ int(ψ(B[0, n])) ∪B(0, n)
and because ψ(B[0, n]) and B[0, n] are disjoint closed sets we also have
int(ψ(B[0, n]) ∪B(0, n)) ⊆ int(ψ(B[0, n])) ∪B(0, n)
which combined with int(ψ(B[0, n])) = ψ(B(0, n)) gives
Rd\(ψ(B[0, n]) ∪B(0, n)) = Rd\(ψ(B(0, n)) ∪B(0, n)).
Because the closure of a connected set is connected, it suffices to show the con-
nectedness of the set Rd\(ψ(B[0, n]) ∪ B(0, n)). Let x, y be in the complement
of ψ(B[0, n]) ∪ B(0, n). By ii), Rd\ψ(B[0, n]) is connected. Because open, con-
nected subsets of Rd are pathwise connected, there is a continuous γ : [0, 1] →
Rd\ψ(B[0, n]) with γ(0) = x and γ(1) = y. Without loss of generality, we can
assume that γ([0, 1]) does not intersect B(0, n) because otherwise let
t0 := inf{t ∈ [0, 1]; γ(t) ∈ B(0, n)}, t1 := sup{t ∈ [0, 1]; γ(t) ∈ B(0, n)}.
Then 0 < t0 ≤ t1 < 1 and γ(tj) ∈ ∂B(0, n), j = 0, 1. Since d ≥ 2 the set ∂B(0, n)
is pathwise connected so there is a continuous α : [t0, t1] → ∂B(0, n) such that
α(tj) = γ(tj), j = 0, 1. Then
γ˜ : [0, 1]→ Rd\(ψ(B[0, n])) ∪B(0, n)), t 7→
{
γ(t), t /∈ [t0, t1]
α(t), t ∈ [t0, t1]
is a well-defined continuous mapping with γ˜(0) = x and γ˜(1) = y.
This shows that Rd\(ψ(B[0, n])∪B(0, n)) is pathwise connected, a fortiori con-
nected which proves iii). 
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Proposition 6.5. Let d ≥ 2 and X ⊆ Rd be open and homeomorphic to Rd as well
as ψ : X → X be continuous, injective, and run-away. Then there is a relatively
compact-open exhaustion (Xn)n∈N of X such that
∀n ∈ N ∃m ∈ N : Xn ∩ ψm(Xn) = ∅
and if m,n ∈ N are such that Xn and ψm(Xn) are disjoint, if X\(Xn∪ψm(Xn)) =
F ∪˙K where F is (relatively) closed in X and K ⊆ X is compact, then K = ∅.
Proof. We first assume that X = Rd. From the hypothesis it follows that for each
n ∈ N there is m ∈ N such that B(0, n) and ψm(B(0, n)) are disjoint. Applying
Proposition 6.4 to ψm we obtain that Rd\(B(0, n)∪ψm(B(0, n))) is connected. In
particular, for every closed set F ⊆ Rd and each compact subset K of Rd\F we
have
Rd\(B(0, n) ∪ ψm(B(0, n))) = F ∪˙K ⇒ K = ∅.
Thus, for X = Rd we can choose Xn := B(0, n), n ∈ N.
Now let X ⊆ Rd be an arbitrary open subset homeomorphic to Rd via Φ : X →
Rd. Then Φ ◦ ψ ◦Φ−1 is a continuous, injective mapping on Rd with the run-away
property. For n ∈ N let Xn := Φ−1(B(0, n)) so that (Xn)n∈N is an open, relatively
compact exhaustion of X . Let n,m ∈ N be such that Xn and ψm(Xn) are disjoint
and let F ⊆ X be relatively closed and K ⊆ X be compact such that
F ∪˙K = X\(Xn ∪ ψm(Xn)) = Φ−1(Rd\(B(0, n) ∪ (Φ ◦ ψ ◦ Φ)m(B(0, n)))).
Since Φ(F ) is a closed subset of Rd and Φ(K) is compact it follows together with
Φ(F )∪˙Φ(K) = Rd\(B(0, n) ∪ (Φ ◦ ψ ◦ Φ)m(B(0, n)))
and the case of X = Rd applied to Φ ◦ ψ ◦ Φ−1 that Φ(K) = ∅ hence K = ∅. 
Proof of Theorem 6.2. Since P is elliptic the sheaf C∞P satisfies (F1)− (F4) by
Proposition 6.1. We can therefore invoke Theorem 3.9 in order to prove part a). If
i) holds, i.e. if Cw,ψ is weakly mixing, Cw,ψ has obviously dense range and the rest
of ii) follows from Theorem 3.9. If ii) holds, it follows from Proposition 3.8 that iii)
is true.
Next, if iii) holds, condition a) from part i) of Theorem 3.9 is fulfilled. Let
(Xn)n∈N be the open, relatively compact exhaustion of X from Proposition 6.5.
By the injectivity of ψ it follows from Brouwer’s Invariance of Domain Theorem
that b1) of part i) from Theorem 3.9 is satisfied, while b2) is satisfied since ψ is
run-away. Fix n ∈ N and let m ∈ N be such that Xn and ψm(Xn) are disjoint. It
follows from Proposition 6.5 that it is not possible to decomposeX\
(
Xn∪ψm(Xn)
)
into a relatively closed subset of X and a non-empty compact subset of K which
are disjoint. Since P is elliptic it follows from the Lax-Malgrange Theorem (see
e.g. [Hö1, Theorem 4.4.5 combined with the remark preceding Corollary 4.4.4 resp.
with Theorem 8.6.1] or [Na, Theorem 3.10.7]) that
{u|Xn∪ψm(Xn); u ∈ C∞P (X)}
is dense in C∞P (Xn ∪ ψm(Xn)), i.e. that rXn∪ψ
m(Xn)
X has dense range. Thus, con-
ditions a) and b) from part i) of Theorem 3.9 are satisfied so that by this theorem
Cw,ψ is weakly mixing. Thus i)-iii) are equivalent. If additionally |w(x)| ≤ 1 and
Cw,ψ is hypercyclic it follows from Theorem 3.9 that iii) holds. Since trivially i)
implies iv), a) is proved.
The proof of part b) is mutatis mutandis a repetition of the above arguments
with the reference to Theorem 3.9 replaced by a reference to Theorem 3.11. 
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In the remainder of this section we are going to characterize the dynamics for
weighted composition operators on eigenspaces of the Cauchy-Riemann operator
and Laplace operator respectively, i.e. on C∞P for the polynomial in d = 2 variables
P (ξ) = 12 (ξ1 + iξ2) − λ, resp. in d variables P (ξ) =
∑d
j=1 ξ
2
j − λ where in both
cases λ ∈ C is arbitrary. We begin our considerations for these special operators
by determining explicitly the combinations of symbols and weights which yield
well-defined weighted composition operators on C∞P (X).
Proposition 6.6.
a) Let λ ∈ C and let d = 2 as well as P (ξ) = 12 (ξ1+ iξ2)−λ. For X ⊆ R2 = C
open, w : X → C and ψ : X → X smooth functions the following are
equivalent.
i) Cw,ψ is well-defined on C
∞
P (X).
ii) w∂z¯ψ = 0 and P (∂)w = −λw ∂z¯ψ¯.
Moreover, if Cw,ψ is well-defined on C
∞
P (X) it follows that for every Y ⊆ X
open and f ∈ C∞(Y ) we have
P (∂)
(
Cw,ψ(f)
)
= ∂z¯ψ¯ Cw,ψ
(
P (∂)f
)
.
b) Let λ ∈ C and let d ≥ 2 as well as P (ξ) =∑dj=1 ξ2j − λ. For X ⊆ Rd open,
w : X → C and ψ : X → X smooth functions the following are equivalent.
i) Cw,ψ is well-defined on C
∞
P (X).
ii) For every 1 ≤ j 6= k ≤ d it holds w|∇ψj |2 = w|∇ψk|2 as well as
w〈∇ψj ,∇ψk〉 = 0, w∆ψj+2〈∇w,∇ψj〉 = 0, and P (∂)w = −λw|∇ψ1|2.
Moreover, if Cw,ψ is well-defined on C
∞
P (X) it follows that for every Y ⊆ X
open and f ∈ C∞(Y ) we have
P (∂)
(
Cw,ψ(f)
)
= |∇ψ1|2 Cw,ψ
(
P (∂)f
)
.
Proof. We use the notation f(ψ) instead of f ◦ ψ in order to slightly simplify
notation. In order to prove a) it is straightforward to verify that for every f ∈
C∞(X)
(9) P (∂)
(
w · f(ψ)) = (P (∂)w)f(ψ) + w(∂zf)(ψ)∂z¯ψ + w(∂z¯f)(ψ)∂z¯ψ¯.
Now assume that i) in part a) holds. Inserting f = eζ with ζ = (2λ, 0) ∈ C2 into
equation (9) we obtain from eζ ∈ C∞P (X) (recall that eζ(x) = exp(
∑2
j=1 ζjxj))
that
0 =
(
P (∂)w + λw(∂z¯ψ + ∂z¯ψ¯)
)
eζ
so that
(10) 0 = P (∂)w + λw(∂z¯ψ + ∂z¯ψ¯).
Likewise, we derive from equation (9) by inserting f = eη with η = (0,−2iλ) ∈ C2
that
(11) 0 = P (∂)w − λw(∂z¯ψ − ∂z¯ψ¯).
Substracting equation (11) from equation (10) yields
(12) 0 = λw∂z¯ψ
while adding equations (10) and (11) gives
(13) 0 = P (∂)w + λw∂z¯ψ¯.
In case of λ = 0 we evaluate equation (9) for f(x) = x1+ ix2 which gives w∂z¯ψ = 0.
In case of λ 6= 0 we have w∂z¯ψ = 0, too, by equation (12) showing one half of ii).
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Additionally, evaluating equation (9) for arbitrary f ∈ C∞P (X) gives
∀ f ∈ C∞P (X) : 0 = (P (∂)w)f(ψ) + w(∂zf)(ψ)∂z¯ψ + w(∂z¯f)(ψ)∂z¯ψ¯
= (P (∂)w)f(ψ) + λwf(ψ)∂z¯ψ¯
=
(
∂z¯w − (1 − ∂z¯ψ¯)λw
)
f(ψ).
Inserting eζ with ζ as above into this equation gives ∂z¯w− (1− ∂z¯ψ¯)λw = 0 which
proves that a) i) implies a) ii).
On the other hand, if a) ii) is satisfied, it follows from equation (9) that for every
f ∈ C∞P (X) we have
P (∂)
(
Cw,ψ(f)
)
= ∂z¯ψ¯ Cw,ψ
(
P (∂)f
)
which proves a) i).
To finish the proof of a), let Y ⊆ X be open and assume that Cw,ψ is well-defined
on C∞P (X). Using a) ii) it is straightforward to derive - compare equation (9)
∀ f ∈ C∞(Y ) : P (∂)(Cw,ψ(f)) = ∂z¯ψ¯ Cw,ψ(P (∂)f).
In order to prove b), we first notice that for f ∈ C∞(X)
P (∂)(w · f(ψ)) = P (∂)w · f(ψ) +
d∑
l=1
(
2〈∇w,∇ψl〉+ w∆ψl
)
∂lf(ψ)
+ w
( d∑
l=1
d∑
m=1
(∂l∂mf)(ψ)〈∇ψl,∇ψm〉
)
.(14)
We first show that b) i) implies b) ii). Inserting f = eζj , 1 ≤ j ≤ d, with ζj =√
λ(δj,l)1≤l≤d for any root
√
λ of λ it follows from eζj ∈ C∞P (X) that
0 =
(
P (∂)w +
√
λ
(
2〈∇w,∇ψj〉+ w∆ψj
)
+ λw|∇ψj |2
)
eζj
so that for every 1 ≤ j ≤ d
0 = P (∂)w +
√
λ
(
2〈∇w,∇ψj〉+ w∆ψj
)
+ λw|∇ψj |2
=
(
∆w − (1− |∇ψj |2)λw
)
+
√
λ
(
2〈∇w,∇ψj〉+ w∆ψj
)
.(15)
Analogously, inserting f = eζ˜j , 1 ≤ j ≤ d, with ζ˜j = −
√
λ(δj,k)1≤k≤d into equation
(14) yields for 1 ≤ j ≤ d
(16) 0 =
(
∆w − (1− |∇ψj |2)λw
) −√λ(2〈∇w,∇ψj〉+ w∆ψj).
Adding equations (15) and (16) gives
(17) 0 = ∆w − (1− |∇ψj |2)λw = P (∂)w + λ|∇ψj |2w,
for every 1 ≤ j ≤ d while substracting equation (16) from equation (15) gives
(18) ∀ 1 ≤ j ≤ d : 0 = 2〈∇w,∇ψj〉+ w∆ψj
for λ 6= 0. In case of λ = 0 we have that f(x) = xj ∈ C∞P (X) and plugging this f
into (14) shows that (18) is also valid for λ = 0.
Next we insert f = eη±
j,k
, 1 ≤ j 6= k ≤ d, into equation (14), where for α ∈
C\{0,−λ} η±j,k =
√
λ+ α(δj,l)1≤l≤d ± i
√
α(δk,l)1≤l≤d resulting in
0 = P (∂)w +
√
λ+ α
(
2〈∇w,∇ψj〉+ w∆ψj
)
± i√α(2〈∇w,∇ψk〉+ w∆ψk)(19)
+ w
(
(λ+ α)|∇ψj |2 − α|ψk|2 ± 2i
√
α
√
λ+ α〈∇ψj ,∇ψk〉
)
.
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Substracting from the version with "+" of the above equation the version with "-"
yields
0 = 2i
√
α
(
2〈∇w,∇ψk〉+ w∆ψk
)
+ w4i
√
α
√
λ+ α〈∇ψj ,∇ψk〉
so taking into account equation (18) we derive
(20) ∀ 1 ≤ j 6= k ≤ d : 0 = w〈∇ψj ,∇ψk〉.
Taking into account (18) and (20), equation (19) combined with (17) gives
0 = ∆w − (1 − |∇ψj |2)λw + αw
(|∇ψj |2 − |∇ψk|2)(21)
= αw
(|∇ψj |2 − |∇ψk|2).
Since α 6= 0, equation (21) together with equations (18) and (20) now give ii) in b).
On the other hand, if ii) of b) is satisfied, equation (14) simplifies to
∀ f ∈ C∞(X) : P (∂)(w · f(ψ)) = −λw|∇ψ1|2 · f(ψ) + w|∇ψ1|2
(
∆f
)
(ψ)
= |∇ψ1|2w
(
P (∂)f
)
(ψ),
in particular Cw,ψ is well-defined on C
∞
P (X) proving b) i).
To finish the proof of b), let Y ⊆ X be open and assume that Cw,ψ is well-defined
on C∞P (X). Using b) ii) it is straightforward to derive - compare equation (14)
∀ f ∈ C∞(Y ) : P (∂)(Cw,ψ(f)) = |∇ψ1|2 Cw,ψ(P (∂)f).

Corollary 6.7. Let d ≥ 2, λ ∈ C and let P (ξ) = ∑dj=1 ξ2j − λ. Moreover, let
X ⊆ Rd be homeomorphic to Rd and assume that the smooth mappings w : X → C
and ψ : X → X are such that Cw,ψ is well-defined on C∞P (X).
a) For Cw,ψ the following are equivalent.
i) Cw,ψ is weakly mixing on C
∞
P (X).
ii) w has no zeros, ψ is injective as well as run-away and satisfies detJψ(x) 6=
0 for each x ∈ X.
If additionally |w(x)| ≤ 1 for all x ∈ X the above are equivalent to
iii) Cw,ψ is hypercyclic on C
∞
P (X).
b) For Cw,ψ the following are equivalent.
i) Cw,ψ is mixing on C
∞
P (X).
ii) w has no zeros, ψ is injective as well as strong run-away and detJψ(x) 6=
0 for each x ∈ X.
Proof. Because Cw,ψ is well-defined on C
∞
P (X) it follows from Proposition 6.6 b)
that for all Y ⊆ X open we have
(22) ∀ f ∈ C∞(Y ) : P (∂)(Cw,ψ(f)) = |∇ψ1|2 Cw,ψ(P (∂)f)
Clearly, (22) implies that Cw,ψ acts locally on Cw,ψ(X) so that by Theorem 6.2 we
only have to show that a) ii) implies a) i) and that b) ii) implies b) i), respectively.
This will be done once we have shown that under a) ii), respectively b) ii), it holds
that for each m ∈ N0 and every open, relatively compact Y ⊆ ψm(X) we have
r
(ψm)−1(Y )
X (C
∞
P (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(C∞P (Y )).
If a) ii), respectively b) ii), holds we have detJψ(x) 6= 0 for each x ∈ X and we
conclude that ψm(X) is open and (ψm)−1 : ψm(X)→ X is smooth for everym ∈ N
as well as |∇ψ1(x)|2 6= 0 for all x ∈ X . Moreover, (22) implies for every open set
Y ⊆ ψm(X) and every f ∈ C∞((ψm)−1(Y )) that
P (∂)f = |∇ψ1|2m
m−1∏
j=0
w(ψj(·))
((
P (∂)[
( f∏m−1
j=0 w(ψ
j(·))
) ◦ (ψm)−1]) ◦ ψm)
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which in turn yields
P (∂)
(( f∏m−1
j=0 w(ψ
j(·))
) ◦ (ψm)−1) = ( P (∂)f|∇ψ1|2m∏m−1j=0 w(ψj(·))
)
◦ (ψm)−1.
Therefore, for eachm ∈ N, for every open Y ⊆ ψm(X), and every f ∈ C∞P ((ψm)−1(Y ))
it follows ( f∏m−1
j=0 w(ψ
j(·))
) ◦ (ψm)−1 ∈ C∞P (Y )
so that by Remark 3.10 iii) we have
C∞P ((ψ
m)−1(Y )) ⊆ (Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y )(C∞P (Y )).
In particular,
r
(ψm)−1(Y )
X (C
∞
P (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(C∞P (Y ))
which is all that had to be shown. 
We close this section by applying Theorem 6.2 to characterize dynamics of
weighted composition operators on eigenspaces of the Cauchy-Riemann operator.
For the case λ = 0 the equivalence of iii) and iv) is established in [YoRe] while the
equivalence of iii) and i) for λ = 0 was also considered in [Bes], both without any
restriction on the range of the weight w.
Corollary 6.8. Let d = 2, λ ∈ C and let P (ξ) = 12
(
ξ1 + iξ2
) − λ. Moreover, let
X ⊆ R2 be homeomorphic to R2 and assume that the smooth mappings w : X → C
and ψ : X → X are such that Cw,ψ is well-defined on C∞P (X). Then, the following
are equivalent.
i) Cw,ψ is mixing on C
∞
P (X)
ii) Cw,ψ is weakly mixing on C
∞
P (X).
iii) w has no zeros, ψ is injective, holomorphic, and has no fixed point.
If additionally |w(x)| ≤ 1 for all x ∈ X the above are equivalent to
iv) Cw,ψ is hypercyclic on C
∞
P (X).
Proof. We identify R2 with C. Because Cw,ψ is well-defined on C
∞
P (X) it follows
from Proposition 6.6 b) that for all Y ⊆ X open we have
(23) ∀ f ∈ C∞(Y ) : P (∂)(Cw,ψ(f)) = ∂z¯ψ¯ Cw,ψ(P (∂)f)
Equation (23) implies that Cw,ψ acts locally on Cw,ψ(X).
Clearly, i) implies ii) and by Theorem 6.2, if ii) holds, in particular, w has no
zeros, ψ is injective and run-away. Especially, ψ has no fixed point. Since w has no
zeros it follows from Proposition 6.6 a) ii) that ψ is holomorphic so that ii) implies
iii).
Next, if iii) holds, the composition operator Cψ is in particular a well-defined
continuous linear operator on H (X), the holomorphic functions on X . Since X
is homeomorphic to C, X is a simply connected domain in C and because ψ is
injective and has no fixed point, it follows from [Bes, Proof of Theorem 3.1] that ψ
is strong run-away. From the injectivity of the holomorphic mapping ψ we conclude
that 0 6= |ψ′(z)| = detJψ(z) for all z ∈ X (see e.g [Ru, Theorem 10.33]). In view of
Theorem 6.2 we only have to show that for each m ∈ N0 and every open, relatively
compact Y ⊆ ψm(X) we have
r
(ψm)−1(Y )
X (C
∞
P (X)) ⊆
(
Cw,ψ,(ψm−1)−1(Y ) ◦ . . . ◦ Cw,ψ,Y
)
(C∞P (Y )).
From 0 6= detJψ(x) = |∂zψ(x)|2 for all x ∈ X together with ∂z¯ψ¯ = ∂zψ it follows
that ∂z¯ψ¯ has no zeros in X . Thus, equation (23) can be used as equation (22) in
the proof of Corollary 6.7 to prove that i) holds.
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Finally, if |w(x)| ≤ 1 for all x ∈ X it follows from Theorem 6.2 that ii) and iv)
are equivalent which completes the proof. 
Motivated by the previous result we close this paper with two open problems.
While the first one is concerned with the general abstract setting the second one
aims at a more manageable characterization of hypercyclicity/mixing for weighted
composition operators on eigenspaces of the Laplace operator.
Problem 6.9. 1. Are the additional assumptions in Proposition 3.4 v) superfluous
to prove that ψ is run-away whenever Cw,ψ is transitive? If this is the case, the
additional assumption on w (or the sheaf F ) in Theorem 3.9 can be removed so
that i)-iv) in Theorem 6.2 are equivalent as well as i)-iii) in Corollary 6.7 a) and
i)-iv) in Corollary 6.8, without the additional assumption on the range of the weight
w.
2. Let X ⊆ Rd be homeomorphic to Rd, λ ∈ C, and P (ξ) = ∑dj=1 ξ2j − λ.
Characterize those w ∈ C∞(X), |w| ≤ 1 and smooth ψ : X → X such that
i) ∀ 1 ≤ j 6= k ≤ d : |∇ψj |2 = |∇ψk|2 and 〈∇ψj ,∇ψk〉 = 0,
ii) ∀ 1 ≤ j ≤ d : w∆ψj + 2〈∇w,∇ψj〉 = 0 and ∆w − λw = −λ|∇ψ1|2,
iii) ψ is run-away.
Are there hypercyclic weighted composition operators on C∞P (X) which are not mix-
ing?
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